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Abstract 

Let (M, g) be a compact Riemannian manifold of dimension TV > 5 and 
Q g be its Q curvature. The prescribed Q curvature problem is concerned 
with finding metric of constant Q curvature in the conformal class of g. 
This amounts to finding a positive solution to 

Af + 4 

P a (u) — cu ™- 4 , u > on M 

where P g is the Paneitz operator. We show that for dimensions N > 25, 
the set of all positive solutions to the prescribed Q curvature problem is 
non-compact. 

1 Introduction 

Let (M,g) be a Riemannian manifold of dimension N. A basic question 
in conformal geometry is the following: can one change the original metric g 
conformally into a new metric g' with prescribed properties? This means that 
one searches for some positive function ip (conformal factor) such that g 1 = ipg 
and the new metric g has prescribed properties. 

A best known example is the so-called Yamabe problem. For N > 2, let 
:= ~ 4 jv— 2^ ^9 + S g be the conformal Laplacian, where A g is the Laplace- 
Beltrami operator and S g is the scalar curvature. If one sets the conformal factor 

4 

ip = u N - 2 (u > 0), then it is well known that L g has the following conformal 
covariance property: 

N + 2 

L g (uip)=u^L g >((p) V<peC°°(M). 
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If one prescribes the scalar curvature Sy for the metric g' then u has to satisfy 
the second-order equation 

L g {u)=u^L g ,{l) = S g ,u^. (1) 

In the case when S g i is a constant, this is the Yamabe problem. In the case 
when S g ' is a prescribed function, it is called the Nirenberg problem. 
Precisely, the Yamabe equation is 

4(A-1) -r+2 
N-2 ^-Sgu + cu— =0. (2) 

The question that whether the set of all solutions to the Yamabe PDE is compact 
in the C°° — topology has been widely studied. It has been conjectured that 
this should be true unless (M, g) is conformally equivalent to the round sphere 
(see [27, 28, 29]). The case of the round sphere § w is special in that (2) is 
invariant under the action of the conformal group on S N , which is non-compact. 
The Compactness Conjecture has been verified in low dimensions and locally 
conformally flat by R. Schoen [28, 29]. He also proposed a strategy to proving 
the conjecture in the non-locally conformally flat case. Developing further this 
strategy, the conjecture is proved in low dimensions: N = 3 by Li-Zhu [22], N = 
4,5 by Druet [10], N = 6,7 by Li-Zhang [20, 21] and Marques [23]. Recently 
this conjecture is shown to be true by Khuri-Marques-Schoen [16] for dimensions 
N < 24 under the Positive Mass condition. On the other hand, the Compactness 
Conjecture is not true for N > 25 in the recent papers by Brendle [3] and 
Brcndlc-Marques [4]. More precisely, given any integer N > 25, there exists a 
smooth Riemannian metric g on § w such that set of constant scalar curvature 
metrics in the conformal class of g is non-compact. Moreover, the blowing-up 
sequences obtained in [3, 4] form exactly one bubble. The construction relies on 
a gluing procedure based on some local standard metric. The non-compactness 
of Yamabe problem in the C k — topology is studied by Ambrosetti-Malchiodi [1] 
and Berti-Malchiodi [2] . A complete description of blow-up behavior of Yamabe 
type problems can be found in the book Druet-Hebey-Robert [11]. 

Besides the conformal Laplacian L g , there are many other operators which 
enjoy a conformal covariancc property. A particularly interesting one is the 
fourth order operator P g which was discovered by Paneitz in 1983 ([24]), which 
can be written for N > 5 as follows: 

N — 4 

P g = A 2 g - dW g (a N S g g + b N K g )d + -^—Q g , (3) 
where div 9 is the divergence of a vector-field, d is the differential operator, 

(7V-2) 2 + 4 4 

a N ~ 7T777 ^Ti °iV 



and 



- A S + ^ 3 -4jV 2 + 16jV-16 2 _ f 2 

2{N-1) 9 g+ 8(A-l) 2 (7V-2) 2 ^ (iV-2) 2|/< - sl • l j 
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Here K g the Ricci tensor, \K g \ 2 = where 1Z ij = J2 s .t 9 ts ^stg tj ■ Q g 

is the so called Q — curvature. In the case N > 4, the conformal factor is usually 

4 

chosen in the form ip = u (u > 0) and the conformal covariance property of 
the Paneitz operator reads as follows: 

P g (u<p) = u&*Pg,(<p) y^eC°°(M). 

If one prescribes the Q — curvature for the metric g' by a function Q g ' this leads 
to the equation 

W + 4 N — 4 JV + 4 

P g (u) = U^P g >{l) = Qg'U"- 4 , 

which is a fourth-order analogue of (1). We refer to the survey articles of Chang 
[5] and Chang- Yang [8] and the lecture notes [6, 7] for more background infor- 
mation on the Paneitz operator. Recently, there are more and more interests 
in using higher order partial differential equations in the study of conformal 
geometry. See [9, 13, 30] and references therein. 

There is an analogue problem to the Yamabe problem, that is, to find metrics 
of constant Q — curvature in the conformal class of g. The problem can be 
transformed to solve the following Q — curvature equation, for N > 5, 

N — 4 w+4 , 
P g u = — - — it > on M. (5) 



Clearly, every solution of (5) is a critical point of the functional 

N S g gV +b N KV), 



c , , Im ( A 9 u ) 2 + Eij {aNSgji + b N Uv)d iU d jU + E^Q gU 2dvol g 

= ■ — ■ (6) 



Consider 



P(g) = inf ^£ g {u) : u e H 2 (M), u > 0, u ^ o|. 



We refer to P{g) as the Paneitz energy. Clearly it is a conformal invariant. 

A similar question is whether or not the set of all positive solutions to the 
Q — curvature equation is compact. As far as we know, the only results in 
this direction are by Hebey- Frederic [15] and Qing-Raske [25]. Both papers 
give positive answers provided M is locally conformally flat and satisfies some 
other assumptions. Compactness is also studied for non geometric potentials of 
Paneitz operator in Hebey- Robert- Wen [14]. 

In this paper, we prove the non-compactness of the set of solutions to the 
Q — curvature problem in large dimensions. We construct a blowing-up sequence 
consisting of exactly one bubble. More precisely we prove the following theorem. 

Theorem 1.1. Assume N > 25. Then there exists a C°° Riemannian metric 
g on S N and a sequence of positive function u n (n e N) with the following 
properties: 
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i) g is not conformally flat, 

ii) u n is a positive solution of the Q — curvature equation (5) for all n, 

Hi) £ g {u n ) < P(S N ) for all n and £ g (u n ) — ► P(S N ) as n — > oo, 

iv) supgjv u n — > oo as n — > oo. 

Here P(§> N ) denotes the Paneitz energy of the round metric on E> N . 

For convenience (and by stereo-graphic projection), we will work on R N 
instead of S w . Let g be a smooth metric on which agrees with the Euclidean 
metric outside a ball of radius 1. We will assume throughout the paper that 
det<7(ir) = 1 for all x € M. N , so that the volume form associated with g agrees 
with the Euclidean volume form. Precisely, we will consider 

P g u = N ^ inR N . (7) 

Our goal is to construct solutions to the Q — curvature equation (7) on 
(M. N ,g). Though we shall follow the main ideas in [3] and [4], there are some 
major difficulties in fourth order equations. The main difficulty is that we need 
to ensure that u is strictly positive on M. N . In the Yamabe problem case, one 
constructs solutions of the form 

u = it + 4> 

where uo is the standard bubble and <f> is the error. As long as is small, 

it can be shown easily that u > 0. In the prescribed Q curvature problem, even 
if we can show that H^HiWRW) is small, it is not guaranteed that u is positive. 
To overcome this difficulty, we need to use a weighted L°° norm 

\\<f>\\* = \Wo VlU°°(R") 

and we have to show that \\4>\\* is small which then implies that u is positive. 
We use a technical framework which is more closely related to the finite dimen- 
sional Liapunov-Schmidt reduction procedure, as in [12], [26], and [31]. Another 
difficulty is the choice if the auxiliary function f(s). In the second order case, 
a quadratic polynomial is chosen ([4]). 

The organization of the paper is as follows: In Section 2, we introduce the 
special metric g in this paper. In Section 3, the first approximation of the solu- 
tions is given. In Section 4, we calculate the corresponding A s , S g , R g , Q g under 
this special metric g, and then acquire the estimate of the energy functional. 
In Section 5, the invertibility of the linearized operator is settled. In Section 6, 
we solve the nonlinear problem. In Section 7, a variational reduction procedure 
is processed. In Section 8, we show that the energy can be approximated by 
an auxiliary function. In Section 9, we prove that this auxiliary function has 
a critical point, which is a strict local minimum. In Section 10, we prove the 
main theorem by a gluing method. In Section 11, some inequalities used in the 
paper is proven. 

Acknowledgment. The first author is supported by an Earmarked Grant from 
RGC of Hong Kong. 
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2 The Special Metric g 



In this section we introduce the metric which will be used in this paper. 

In what follows, we fix a multi-linear form W: R N x R N x R N x R N -> R. 
We assume that Wikjt satisfy all the algebraic properties of the Weyl tensor. 
Moreover, we assume that some components of W are non-zero, so that 

n 

(WikM+Wujkf >0. 

i,j,k,e=i 

For simplicity, we put 

n 

H v(v) = W lpjq y p y q 

p,q=l 

and 

H ij (y) = f(\y\ 2 )H ij (y), 

where f{\y\ 2 ) will be chosen later. (Specifically, we shall choose /(s) = t — 
12000s + 2411s 2 — 135s 3 + s 4 . The number r depends only on the dimen- 
sion N and will be chosen later.) It is easy to see that Hij(y) is trace-free, 
Vi H ij (V) = and (y) = for all y e R N . 

We consider a Riemannian metric of the form g(x) = eM x \ where h(x) is a 
trace-free symmetric two-tensor on R N satisfying h(0) = 0, h{x) = for |x| > 1, 

\h{x)\ + \dh{x)\ + \d 2 h{x)\ + \d 3 h(x)\ + \d 4 h(x)\ < a 
for all x € R N , where a > is a fixed small number, and 

for \x\ < p. We assume that the parameter e, and p are chosen such that 
\i < 1 and e < p < 1. Note that JZ i=1 Xihij(x) = and JZ i=1 dihij(x) = for 

For later purpose, we need to understand the Green's function of A 2 ,. Denote 
G(x,y) be the Green's function of A g in R N . Then the Green's function of A 2 
is 

G(x,y)= f G(x,z)G(y,z)dz. 

Since \G(x,y)\ < C[d(x, y)] 2 ~ N , \VG(x,y)\ < C[d(x, y)} 1 -" and |V 2 G(a;,y)| < 
C[d(x, y)]~ N , we know that 

\G(x,y)\ <C{d(x,y)]*- N , 
\VG(x,y)\<C{d(x,y)f- N , 
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\V 2 G{x,y)\ <C[d(x,y)} 2 - N . 

Here d(x, y) is the distance between x and y under the metric g. It is easy to 
see that 

d(x,y) = [l + 0(a)]\x-y\ 
since g — e h and a is sufficiently small. 

Notations In what follows, we use C to denote the variable constant which is 
independent of a and e. |0(^4)| < CA and o{A)/A — > as e — > 0. 

3 First Approximation of the Solutions 

In this section we will provide an ansatz for solutions of Problem (7). 
Denote 



Uq{x) = 77V 



Ae 



A 2 e 2 + \x-i\ 2 



where j N = [N(N - A) 2 {N - 2)(N + 2)/2] 8 , A > and e > 0. It is well 
known [17] that uq is the only positive solution of 



AT _ A N+4 

A 2 u = ^y^ N " 4 in M . 



P S v=— ^— (8) 



«o(j/) = £ 2 w (ey) = j N 



Observe that u{x) satisfies (7) if and only if v(y) — e 2 u(ey) satisfies 

N - 4 w+4 
~2 

where = g(ey). Denote 

_V 

,A' 2 + |y-e'l 2 

where £' = £/e, A' = A/e. The configuration set for (£', A') is 

A=|(e',A')eK Ar xK: < 1, I < A' < || . 

We will look for a solution to (7) with the form Uo(y) + <fi(y)- It is easy to 
check that <j> must be a solution of 

N + 4 -§- 

Pg0 J_£«-> = -R + Ntf) i n ]R w , (9) 



where 



7U _ 4 w+4 

fl(j,) = P s fio -__«*=*, (10) 
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N — 4 n+4 N — 4 AT + 4 

*M - — y-N + ^-o"- 4 - (11) 

A main step in solving (9) for small is that of a solvability theory for the 

8 

linearized operator P g — -^^u^ 4 . 

4 Preliminary estimates 

In this section we will mainly estimate the energy functional. From now on, 
denote h(y) — h(ey) and 1Z, S g , Q g are the corresponding Ricci tensor, scaler 
curvature, Q — curvature under the metric g. 

Lemma 4.1. For \y\ < p/e, it holds 
1 ~ 



4 



{dih ms )(d m h sj ) + {djh ms )(d m h si ) - (djh ms ){dih sm ) 



hjns {pmihsj ) ^ms (dmjhsi) {dmmhjs^hsi hj s {drnmh s i) 

+ o(\h\ 2 \d 2 h\ + \h\\dh\ 2 ). 

For \y\ < p/e, we have 

TZij = 0(ae 2 ). 

Proof. Recall that Y l M = J2 m \g lm {dt9mk + d k g m i - d m g k e). Since h is trace- 
free, we have detg = 1 for all y € R*. This implies J2i = J2i i ^9 ie dk<ju = 
\d k log \g\ — 0. Therefore, we obtain 

— E d m r™: — ^ 5 J T™ i + ^ r^r^ — E r^rfni 

Direct calculation shows 

m m 

H - ^ ^ ^ ^(^m^-ms) (^s hij ) "I" ^ms (^ms^i? ) 

771, s 

+ E i ^ {d m hms)(dih sj ) + {d 3 h ms ){d m h si ) 
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- (d mm hsi)h js ] + o(\h\ 2 \d 2 h\ + \h\\dh\ 2 ), 



and 



1 2\ 



+ o(IW). 

Since ^2 m d m h m k = for \y\ < p/e, the lemma concludes from (12). □ 

Thus we have the following conclusion for IZ^ =^2 st g ls T^-stg t:> ■ 
Corollary 4.2. For \y\ < p/e, we have 



{dih ms )(d m h sj ) + {djh ms ){d m h si ) - (djh ms )(dih sm ) 



+ o(\h\ 2 \d 2 h\ + \h\\dh\ 2 ). 

For \y\ < p/e, it holds 

H ij = 0{ae 2 ). 
Lemma 4.3. For |y| < p/e, t/iere /io/ds 

s, = -jE (9^ mfc ) 2 + o(N 2 |d 2 /i| + hi^i 2 ). 

For 1 2/ 1 > p/e, we have 

S s = 0(ae 2 ). 

Proof. The detailed proof can be found in [3, Prop. 26], noting that J2 m 9 m h m k = 
in \y\ < p/e. □ 

The above lemma and a direct computation show the following conclusion. 

Corollary 4.4. For \y\ < p/e, we have 



+ 0(\dh\ 2 \d 2 h\ + \h\\d 2 h\ 2 + \h\\dh\\d 3 h\ + \h\ 2 \d A h\). 
For \y\ > p/e, it holds 

Now it is ready to estimate Q g . 
Lemma 4.5. For \y\ < p/e, we have 

Qg = TT— — —7 ^2 ^il^rnk) 2 + {dlh mk ){diiJl mk ) 



2(N — 2) 2 $ mm hij){dsshij) 



t,j,m,s 

+ o{\dh\ 2 \d 2 h\ + \h\\d 2 h\ 2 + \h\\dh\\d 3 h\ + \h\ 2 \d 4 h\). 

For \y\ > p/e, there holds 

Q g = 0(ae 4 ). 

Proof. This is a direct result of (4), Lemma 4.1, Corollary 4.2 and 4.4. □ 

Our next goal is to estimate R(y) defined in (10). 
Lemma 4.6. For \y\ < |, 

A?mo ^ A 2 m = - {d ss hij)(dijUo) - 2(d s h il )(d sij uo) ~ 2h ij (d ssij u ) 

+ O(\h\\d 2 h\)\d 2 u \ + O(\h\\dh\)\d 3 u \ + O(|/i| 2 )|a 4 no|. 

For \y\ > f , 

,2, A 2- ~( 



Aiu - A 2 u = O 



miV-1 



Proof. The computations follow easily from the definition of A g and the prop- 
erties of h. □ 

By Lemma 4.3, Corollary 4.2 and the properties of h, it is also not difficult 
to verify the following two lemmas. 



Lemma 4.7. For \y\ < |, 

Y,d j {Sf9 ij d i u ) = o(- 

For \y\ > f, 



p 2 e 20 



+ \y-C , \) N - 2Q 



J2d j (Sfg ij d i u ) = o(- 



2 

ae 



/\\N-2 
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Lemma 4.8. For \y\ < 

^2dj(R. v diUo) = - 7}{dj mm hij){diU ) - \:{d mm hij){dijUo) 



i,3 



2 

+ o 



Li 2 e 20 



For > f , 



J2d j (Tl ij d i u )=o(- 



(i + |y-ei) N - 20 



as 



(i + ly-fir- 2 



Combining the above results, we have the following estimate for R(y). 
Proposition 4.9. It holds 



R(y) < { 
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(i + ly-Cir- 10 

ae 

(l + \y-^\)N-l 



for \y\ < 



P ii 1 
for -< y < - 

e e 



for \y\ > -. 



Let us consider the energy functional E g (v) associated to Problem (8), 
namely 



EM = - 



[ (Agv) 2 + Y^(a N Sgg l i + b N H)? )d iV d jV + ^—^Q- gV 2 dy 



i r 

2 



(N - 4) s 
AN 



I " 

JR N 



2N 

«- 4 dy. 



In what follows, we will calculate the energy E g (u ), which is a important step 
for the existence of the solutions of our equation. First we have 

Lemma 4.10. For \y\ < p/e, 

(Agiio) 2 - (Au ) 2 
= ^2 hie(dihje)(d k kUo)(djUo) - 2h ij (d kk u ){d i jU ) 

+ ^2 hiehje{d kk uo){dijU ) + [ ^hij (dijU ) 

i,j,k,£ 

+ O(|fc||0/i| 2 )|0uo| 2 + O(|/i| 2 |^|)|^o||9 2 uo| + O(\h\ 3 )\d 2 u \ 2 . 
While for \y\ > p/e, we have 



(A^ ) 2 - (A«o) 2 = 0(a(l + \y- £'|) 4 - 2Ar ). 



(13) 
(14) 
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Proof. It is easy to check that 
(A^ ) 2 - (Au ) 2 = l]T(^)(^o)j + J2 Wk9")?Hdt*o)(9ii*o) 

i,j,k,£ 

By direct calculation, we have 

= ( d khik)(d(hje)diUodjUo + O(\h\\dh\ 2 )\du \ 2 , 

i,j,k,t 

J2 ^(dkg^deuodijuo 
= - ^ 2(d k hki)d£u duu + ^ \[d k hkrn)hu + (d k h me )h km deuoduuo 

i,k,i i, k ,£,m 

+ ^ 2hij(dkhke)9euodijU + O(\h\ 2 \dh\)\du \\d 2 u \ 

i,j,k,e 

and 

~ + hi)(dijU )(d k euo) 

i,j, k ,£ 

= — ^ 2hijdijUod kk UQ + ^ h im h m jdijUod kk ua 

i,j,k i,j,k,m 
2 

,~, 1 2 



+ 2My«o + O(\h\ 3 )\d 2 u \ 



1,3 



Therefore, for \y\ < p/e, ^2 i dih i j = yields (13). Since h = for \y\ > 1/e, 
(14) can be easily gotten. This concludes the proof. □ 

Lemma 4.11. It holds 

(Agu ) 2 - (Au ) 2 

R N 

Y hiehje(d ikk u )(djUo) + / Y] ^(dijUo) 

+ o(^ ) + ( a (£) Ar - 4 
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Proof. Since for \y\ < p/e, 

\h\\dh\ 2 \du \ 2 + \h\ 2 \dh\\du \\d 2 u a \ + \h\ 3 \d 2 u \ 2 
< Cn 3 e™(l + \y-e\) 34 - 2N 
<C, 3 e^(l + \y-e\)^ +4 - 2N , 
from Lemma 4.10 we have 



(A~ g u o y - (Au Q y 



= / ^ hie(dihje)(dkkUo){djU ) -^^j(dkkUo)(dijU ) 

Jb 1 i,j,k,e i,j,k 

+ ^ hteh J i(d kk u ){d l: jUo) + ^hijidijiio) dy 

i,j,k,i \ i,j j 

+ ^e^) + 0(a(^ N - 4 y (15) 

On the other hand, integrating by parts and using ^2 i d{hij = f° r \v\ — p/ £ 
and h(y) = for \y\ > 1/e, we know 

/ hie{dihje){dkkUo)(djUo) + huhji(dkkUo){dijU ) 
= J~\ [ di(hiehje)(dkkUo)(djUo) + hiehje(dkkUo)(dijUo) + o(a(-} ) 
= - y~] / hiehje(dikk^){djUo) + 0[a(-) ) 

= - V / hiihjiidikkUo^djUo) + (a(-) ). (16) 

ij,k,t jB i V P J 

Next, direct computation shows 

N ]V 2 + 4JV 

uo(^-fcfcfio) = (JV _ 3) {N 2_ m + 8) ( d vkkU ) + N2 _ m + 8 (d< 3 u )(d kk u ) 

4(N-4) 2 (N-2)N \y-C\ 2 6 t] 



N 2 -4N + 8 (e 2 + \y - £'| 2 ) 3 
4(iV - 4) 2 (TV 2 - 2) _ 2 Si, 



N 2 -4N + 8 °(e 2 + \y-e\ 2 ) 2 ' 
Recalling h is trace-free, we get 

V] / hij(d kk u )(diju a ) 
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= ^ / dij(hijU ){dkkUo) + 
= ^ hijU (d ijkk uo) + O [ a( 



Since J2iLi fyhij = f° r M < f 7 it follows that 



/ hij(dijkkUQ) = / (dijkkhij)ul 
f {dijkkhij)ul = o(a(-) 



[dijkkhij)ul = 0[a[-\ 

£ 

Thus 

V / M0*k«o)(«ytio) - O (<*(-)" ^) . (17) 

i,j,k Js i v v/3/ ' 

The proof of the lemma is completed by (15), (16) and (17). □ 
Lemma 4.12. For \y\ < p/e, 

Y f Sfg ij d i u d j u = ~ £ (dMHd^o) 2 + O(\h\\dh\ 2 )\du \ 2 - 

i,j i,k,£,m 

For \y\ > p/e, 

Y Sfg^diuodjuo = 0(ae 2 (l + \y- Z'\f~ 2N ). 

i,3 

Proof. Recalling that g — e h , this lemma is an easy consequence of Lemma 
4.3. □ 

Lemma 4.13. We have 

/ y^a N Sgg i: >d l u d j u 

= - s rf E (d^kmuor+oip^+ofJ 6 -)^). 

4 J Be i.fc, \ V ) 

Proof. This is a result of Lemma 4.12 by direct calculation. □ 
Lemma 4.14. It holds 



X«5 



bfqlZ 10 diU djUo 



3 l 

i,3 



13 



6jv 
4 



6jv 
2 



V" {djh ms ){dih sm ){diU )(djUo) 

i,j,m,s 

I ^ ^ ^ms(^s^ij) — h s i{dsh rn j') -\- h s j{dihrns) 
J BR i,j,m,s 

d m (diU djU ) 

+ ~Y f ^is( d m m hj s )(d i Uo){d j U ) 
J Bp ij ms 

+ o( M M^) + o( a (i) J 



i JV-4 

Proof. From Corollary 4.2, we have 



J Bp i,j,m 

^2 {djh m s){dih sm )(d i u )(d j uo) 



4 



^ — t,j.m,s 



+ ~^~f 51 [^n«(^n»^j) _ (dsh m j)(d m h si ) + (d l h ms )(d m h sj ) 



2 



h m s{d m ih sj ) (diU )(djUo) 



+ 51 h is {d mm hj s ){diU ){djU ) 

J B E i,j,m,s 



JV-4 



Since 



- 4(iv-3) 9 ^ = 2(^ S" + | g -g| 2 ' 
it is easy to check, since J2iLi di^ij = 0, 

^ / {d mm hij)diUodjUo < C [ \d 4 h\ul + O ( ap 2 (-) 

Integrating by parts, we know 

(d ms hij)(diUo)(djUo) 



: ,,j,m,s Br 
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= y2 dmihmsidshij^diUodjUo + 0(a 2 p 2 (-) N 4 ) 

i,i,m/ Rn P 

V / h m s{dshi j )d m {d i u djU Q ) + O{a 2 p{-) N ~ 4 '), 
7~Z „Jb r P 



^2 / {dshjrrdidrnhis^U^idjUQ) 

i,j,m,s 

= y~] I d m [h is (d s h jm )]diU djUo + 0(a 2 p 2 (-) N ~ 4 ) 
.• 7~Z „ JR" P 



i,j,m,s 



- hu(d a h jm )d m (diUodjUo) + 0(o;/)(-) iV 4 ), 

;7I -/Bp P 



',.j,m.s 



t,j.m,s 



/ {dih ms ){d m h s] ){diU )(djU ) 



and 



V / / ^s ,(a ^ /l„ lS )(a m (9 ^^ io)(a^o)) + o(ap(-) A, - 4 ) 



X] / h ms (d ml h sj )(d l u )(d j u ) 

J B p 

= - V / h ms (d i h js )(d m (d i uo){d j u Q )) + 0{ap(-) N ~ 4 ). 
„- ' ™ .is. P 



The proof is complete. 
Lemma 4.15. 

7V-4 



2 

7V-4 
8(JV- 1) 

7V-4 



% i,k,t,m 



„~.2 



4(7V - 2) 



- I ^ ' (d mm hij)(d ss hij)u 2 

p i,j.m,s 



JV-4N 

P, 



Proof. The lemma can be easily deduced from Lemma 4.5. 
Hence, we have the following estimate of Eg(u ). 
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Proposition 4.16. 

2E s (u ) = 2E- ( ^2 hieh je (dikkUo){djUo) + j (j^hjjjdijUoj) 

~ ~f~ J (dih mk y '{diUof 

^% i,k,t,r~ 



){dih sm )(diUo)(djU ) 



JB % i,j,m,s 

J ^2 [h ms (d s hij) -h si (d s h mj ) + h sj (dih ms ) 



'N 



Bp 



- h ms (dih sj ) d m (diU djU ) 



^2 hi s (d mm hj s )(diU )(djUo) 



,j,m,s 



N-4 
8(N-1) 

N-4 
4(N-2fJ BE 



i,k,£,m 



ul 



+ o(^)+oU £ -y 



, N-4 

\ l> 

where E is the constant such that 

N-4 

Remark: Note that 



1 



N 



dy. 



E = P{S") 



(18) 



5 Linearized Operator 

In this section we develop the invertibility theory for the linearized operator 

8 

Pg — -^^Wq^ 4 in suitable weighted L°° spaces. 



We define two norms 



= sup Y 



(i + ly-CI) 



N-4+i 



Me 1 " i_ n ( e\N-A+i 



(i+b-i'l) 



O: 



HCIU* = sup 



X{\y-t>\<t}{i + jy — g 



10 



as 



+ 



X{|i/-«'l>i}( 1 + |y-£ 



a 



Uv)\, 
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where \S is the characteristic function on the set S, and < a < 1 is a small 
constant. 
Denote 



du _ duo 

8X' ' 3 ~ 8% 



First, we consider the following problem. Given £ £ C a (R N ), find a function 
such that for certain constants Cj, i = 0, 1, • • • , N, 



N + 4, ■ 



p- g 4> - -^-<" 4 + E c ^ in 

2 4 =o (19) 

<t>X z i = o, 

where \{y) is a cut-off function satisfying x(y) — 1 f° r \v — CI < r ch x(2/) = 
for \y — £'| > r + 1. Here r > is large but fixed. 

Proposition 5.1. Assume N > 25, (£', A') € A and a is small and fixed. Then 
for small e, there is a unique solution <p to (19). Moreover 

M.<C||CII« 

where C is independent of a and e. 

To prove the above proposition, we need the following priori estimate. 

Lemma 5.2. Under the assumptions of Proposition 5.1, for any solution <fi to 
(19), there exists a constant C such that 

M.<c||C||«. 

Proof. We use the contradiction argument as in [12] and [26]. Assume there 
are sequences e n — > and the corresponding ( n , <p n such that ||(ri||** — ► but 
||0n||* = 1- For abbreviation, we omit the subscript n in the following proof. 
Testing the equation against \Zj an d integrating by parts four times, where 
X(y) is a smooth cut-off function satisfying x(y) = 1 for \y — £'| < ^, x(y) = 
for \y - £'| > £ and [V^l < C(|) 4 , 1 < i < 4. we get 

E c * / xZiZ j= [ (p- gn {xZ j )-^ L ur i xZ^]<t>- I Cxz,. 

This defines a linear system in the Ci which is "almost diagonal" as e approaches 
zero, since we have 



17 



8 

On the other hand, using A 2 Zj — ^-^-Uq^ 4, Zj = and the estimates of S g , lZ st , 
Qg in the previous section, we have 



f ( N + 4 -§- 

JR N \ Z 

J J AKxZj) - xA 2 (Z 3 ) -^ds [(a N Sfg st + b N TZ st ) d t ( X Zj) 



N -4 
~2 

= o(ne w )U\U. 



It is also easy to get 

f Cx^-<C M e 10 ||C||**. 
Jr n 

Thus we conclude 

\ci\ <o(/x£ 10 )||^IU + Cm£ 10 ||CIU* Vi = 0,-- - ,N, 

SO Ci — o(/xe 10 ). 

Next we claim that, for any fixed R > 0, 

IMU«(B*«')) =o(m£ 10 )- 

Indeed, by elliptic regularity we can get a 4> such that in Cj 

and 



p7V\ 



locV 



2 



This implies is a linear combination of the functions Zj, j = 0,1, ■ ■ ■ , N , 
see [19]. On the other hand, the assumed orthogonality conditions on <j> yields 
J r jv 4>xZj — for all j. Hence <j> = 0, which concludes the claim. 
Now rewrite the equation in the following form 

cj>{y) = / G(y, z) V d \{a N Sfg^ + b N W)di<fr] (z)dz 
Jr» XI L J 

-/ —r-G(y,z)Q- g {z)<f>{z)dz + G(y,z)— <f>(z)dz 
Jr n z Jr n z 

+ [ G(y,z)C(z)dz + Y / c, f G(y,z) X Z l (z)dz. (20) 
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We make now the following observations: 

Owing to S s (z) = 0(ae 2 ), dS g = 0(ae 3 ) and 1Z ij {z) = 0(ae 2 ), dTZ ij {z) 
0(as 3 ), we have 



/ G(y, z) V dj \(a N S s g ij + b N TZ^)d t cf,] (z)dz 
0(ae 3 ) [ G(y,z)\d^(z)\dz + 0(ae 2 ) [ G(y, z)\d 2 4>(z)\dz 

JB 1/e JBm, 



1l/e 



~I + 11. 

For \y -?\<&, 



(21) 



|/| < Cae 3 U\\A f 



\y-z 



N-4 



EH + a (-) N - 3 

(l + \z-^\) N - 13 [ P ! 



dz 



+ 



I — 

Jz<\z\<i \y-z 



a 



\,\<i \y-z\ N -± (i + \z-e\) N - 3 



dz 



< Ca\\cf>l 

< Cap 3 \\<t 



^e 3 (l + \y-C\) 3 , » r i^-4 

(i + iy-eir- 14 +ap[ P > 



lie 



10 



+ «(-) 
P 



N-4 



.(i + iy-eir- 14 

where we use, for any < s, k < N such that s + k < N, 



I — 

7r« \y - z 



N - s (l + \z-i 



-^dzKCil + ly-fl) 



l\\k+s-N 



(22) 



(23) 



The proof of (23) is standard and is given in the appendix. Similarly, for \y— £'| < 



p. 

2e> 



|77| < Cap 2 ||<?!)|j 



On the other hand, for |y — £'| > ^, 

1 



^ + a (£)^-4 



(24) 



|/| < Cae 3 H\U 



I2/-2 



JV-4 



10 



(l + |z-e|) N - 13+ V . 



dz 



1 



<N<7 



<i | y -z| w - 4 (i + |z-ei) w - 3 



dz 



■(i + ly-C'l)^- 4 ' 

where we use, for any < s, k < N such that s + k < N, 

1 



is, |y - 2 



z|^- s (l + |z-e'|) JV - fe 



dz< Cr k {l + \y-i'\) 



i\\s-N 



(25) 



(26) 



19 



which is a direct result of (23) and the proof is also given in the appendix. A 
similar proof also gives 



\ii\<c p 2 ui 



a 



, hN , for |y -£'!>-. 



(27) 



Since <3§(z) = 0(ae 4 ), we similarly have 



N-4 



G(y,z)Q s (z)(j)(z)dz 



< Cap 4 



pe 



10 



.(i + ly-eir- 14 

and for > 

/ V 

/rjv Z 



+ a (-r- 4 

p 



for|y-e'l<§, (28) 



-G{y,z)Qg(z)(j>(z)dz 



< c P 4 U\U 



a 



(i + ly-fir- 4 ' 

Therefore, combining (21), (22), (24), (25), (27)-(29), we finally have 
/ G{y, z) V d t \(a N S s g ij + b N n ij )d j( p] (z)dz 

- I ^^G(y,z)Q g (z)<j ) (z)dz 



(29) 



< 



Cap 2 U\U 



Cp 2 



l R N 2 

/hJV-14 + ^p' 



(i + ly-C'l) 



for \y-t'\<f £ , 



(30) 



(i + |y-ei) N - 4 

Next note that 



for \y-e\> 



2e 



[ G(y, z) — ^ A u (z) (f>(z)dz 



< C 



1 



, 'b r( €o jR<\z-e>\<£ j\z-e\>* \\y- -A N - A a + \z - e\r ■ 

Since ||<^||z,°°(Br(£')) = °{p£ W ), it is easy to check that 
1 cj>(z) 



o(l) 



-dz 



o(pe^) 



(i + b-ei) 

Q 



, ,v-u +»(") 



AT-4 



(i + ly-fir- 4 



for |y-£'|<£, 

for lw-£'l>£- 
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f 1 Hz) 

lR<\,-e>\<$ iy-^r- 4 (i + k-ei) 8 

,10 



dz 



< 



(i + ly-fl) 



mAT-14 



+«(-) 



Af-4 



Co(-)1|» — 



t'IW-4 



for |y-e'l<§, 



for \y - a > 



2e 



1 



(z) 



i,_ei> f | y -zr- 4 (i + k-e'l) 

10 



< < 



^(-) 4 ||0||, 



+ a(-) N - 4 

(i + |y-ei) N - 14 V . 



a 



V*(r+i,-ei)- 



for|y-e'|<§, 



for|j/-e'|>§. 



Thus 



N + 4 

G(y,z)— — Ho(z)»-*<j)(z)dz 



< 



10 



/|\iV-14 



+ a(-) 



Af-4 



for \y-e\< 



2e' 



c( P )3M - d + i,-ei)- 



for |l/-^|>§. 



(31) 



Similarly, 



/ G(y,z)CWdz= J / +/ +/ iG(y,z)C(z). 

« N l/|z-£'Kf <N-£'|<i ■ / k-S'l>7 J 



Using (23) and (26), we have 



/ G(y,z)C(z) 



< < 



C\\Cl 



C\\Ch 



fie 



10 



(i + |y-ei) 

MP 10 



miV-14 



(i + ly-fl) 



/|\JV-4 



for \y-e\<f £ , 

for | y -£'|>£, 



£<|*-S'|<| 



G(y,z)C(z) 



< 



'c\\(\UM- 
p 

c\\C\U 



■ JV-4 



(l + iy-eir- 4 



for ll/-^l<§, 



for |y-C'|> 



2e 
2e 
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and 



k-ei>i 



G(y,z)((z) 



< 



c\\a*M-) N - 4 



c\\C\U 



a 



(i + \v-Z 



for |y 



So 



< 




G(y,s)C(*)d* 



-10 



" /IW-14 + «(") 



JV-4 



for \y-e\< 



2e' 



(32) 



(i + |y-ei) w - 4 

Since we have know q = o(^£ 10 ), it holds 
Vc* f G(y,z) X (z)Z t (z)dz 

'o(l) 



for \v-i'\>Y £ 



(l + |*-£'|)"-4 



10 



_ - +a (l)N-4 

a + iy-eir- 14 V . 



0(/X£ iU ) 



dz 



for |y 



for |tf-€'|>§- 



(33) 



(i + iy-eir- 4 

Now we obtain that, by combining (30)-(33) and choosing R large enough, 



1 



(-IS L 



"(f) 



e\AT_4 



+ 



(1 + 1» - £ 



n\N— 4 



a 



<C||C||«+o(l). 



.(i+ly-C'l)"- 14 
Taking the derivative in (20), we have 

9„ 4 0(y) = / d Vi G{y,z)J29> \(a N S s g st + b N Tl st )d t cp\ (z)dz 



/ 



N -4 



%G(y,z)Qg(2;)0(2;)dz 
iV + 4 

9 yi G{y,z)——u 4 (j>(z)dz 
+ / 9 yi G(y,z)C(z)dz 
+ V^Cj / d Vi G{y,z)Zi{z)dz. 
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Since \d Vi G(y, z)\ < C[l + 0(a)]\x — y\ 3 , similarly we can prove that 



+ 



(i + \y-C 



miV-3 



It is also similar to get that 



<C||C||**+o(l). 



1 



— + 



£\N-2 



+ 



(i + \y - £ 



n\N-2 



a 



So we finally have 

IMI*<c||CII** + o(i), 

which is a contradiction. 

Proof of Proposition 5.1. Consider the space 



\d 2 <P\ <C||C||**+o(l). 



□ 



H 



\cj ) £H 2 (m N ): / xZ* 
I Jr n 



V j = 



endowed with the inner product (<j>, ip) — J RN A g 4>A g ip. Problem (19) expressed 
in weak form is equivalent to that of finding a <fi £ Ti such that, for any ip £H, 



J2(a N S g g ij + b N K ii )d i <l>djil> + 
RN 1j 2 



+ 



I 

Jr n 



With the aid of Riesz's representation theorem, this equation can be rewritten 
in 7i in the operator form 

4> = W) + c 

with certain £ £ TC which depends linearly on ( and K is a compact operator in 
H. Fredholm's alternative guarantees unique solvability of this problem for any 
( provided that the homogeneous equation = K{(j)) has only the zero solution 
in H, which is equivalent to (19) with ( = 0. Thus existence of a unique solution 
follows from Lemma 5.2. This finishes the proof. □ 

Remark 5.3. The result of Proposition 5.1 implies that the unique solution 
4> = T(Q of (19) defines a continuous linear map from the weighted L°° space 
L™, equipped with norm || • ||** ; into the weighted L°° space L™, equipped with 



It is important for later purposes to understand the differentiability of the 
operator T with respect to the variables £' and A'. 
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Proposition 5.4. Assume (£', A') e A. VFe /icwe 

l|v (e> AonC)IU < CIICIU*. 

Proof. Denote formally Z = d^4>. We seek for an expression for Z. Then Z 
satisfies the following equation: 

N + A -i_ N + 4 ^ 

i=0 

N 
i=0 

where = <%Ci. Besides, from differentiating the orthogonality condition 
J RN 4>xZj = 0, we further get 

/ </>d e ( x z j )+ f z x z J = o. 

Jr n Jr n 
Choose be such that 

Since this system is diagonal dominant with uniformly bounded coefficients, we 
see that it is uniquely solvable and that 

N <c M £ 10 M* 

uniformly in (£', A') e A. 
Let us now set 

N 

r ] = Z + J2biXZ i . (34) 

i=0 

Then r\ satisfies 

N 

P g V-^-^u^ V = ( + J2d lX Z l inR N , 

z i=o 
/ r/xZ, = V j. 

where 

N 
j=0 
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Applying Lemma 5.2, 



<C||C||... 



It can be directly checked that 

\b. 



N + 4 -i- 



<cuu 



N + 4 



<ciHI* 



and 



l|ci^(x^)ll„<C||C||«. 
Thus < CIICII**, and then 

Nl* < CIICII**- 

Obviously ||&^||* < C||<£||* < C||CII**- Therefore, we get by (34) that 

\\Z\\* < C||C||... 

The corresponding result for differentiation with respect to A' follows similarly. 
This concludes the proof. □ 

6 Nonlinear Problem 

We recall that our goal is to solve Problem (10). Rather than doing so 
directly, we shall solve first the intermediate problem 



Pat 



N 



-R + N(<f>) + J2 C *XZ 1 in 



/ 



i=0 



(35) 



<hcZj = o vj = o,i,---,Jv. 



Proposition 6.1. There exists a unique solution to (35) such that 

\\<t>\\*<P 

where (3 > is a large number independent of a and e. 

Proof. In terms of the operator T defined in Remark 5.3, Problem (35) becomes 

<f> = T[-R + N(<t>)] :=A(<f>). 
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For a given large number f3 > 0, let us set 

S = {cf>eHnL?(R N ) : U\U<(3}. 
From Proposition 5.1, we get 

\\A(<t>)\\.<C(\\R\\.. + \\N(<t>)\\»)- 
According to Lemma 4.9, direct computation shows 

\\R\U. < C. 



(36) 



Here C is independent of a and e. By the mean value theorem, we also easily 
have 



4-ctii jJ|2 



Thus G S. 

Furthermore, it is easy to check that for any <f>i, fa € 5, 



(37) 



So 



|| JV(^) - JV(^)||„ < Ce 4 — 1|0! - 2 |U. 



||A(0!) - A(<h)\U < C\W(cf>i) - N(fa)\\„ < Cs^Ui - <fe||„ 



which implies that A is a contraction mapping with the norm || • ||* inside S. 
Therefore the contraction mapping theorem yields the proposition. □ 

Our purpose in the remains of this section is to analyze the differentiability 
properties of the function <f> defined in Proposition 6.1 

Proposition 6.2. The function (£', A') A') provided by Proposition 6.1 

is of class C 1 for the norm || • ||». Moreover 

l|v (e ,A^II* < c. 

Proof. First, we come to the differentiability of ip^^y Consider the following 
map H: Ax Tin L»(1 N ) x R N+1 — ► L»(R W ) x R N+1 of class C 1 : 



H((?,\'),<j>,c) = 



TV - — 4 v — ^ 

Pg(u + (/)) — (fio + <j)) ^=4 _ ^ CiX Z,, 



N 



i=0 



R N 



/ X Z N(j> 

Jr n 
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Problem (35) is then equivalent to A'), </>, c) = 0. We know that given 

(£',A') e A, there is a unique solution <f>^i t x')- We will prove that the linear 
operator 

dH((£',\'),<f>,c) 



d{<t>,c) 



((S'.^').^«',v). c «',V)) 

— » x 

is invertible for small e and a. Then the C 1 regularity (£', A') i— ► A') follows 
from the implicit function theorem. Indeed, we have 

dH((?,\'),4>,c) 



d{<t>,c) 



[tp, d] 

((?',A'),0( 5 /,A')' c (e',A')) 

/ iV + 4 ^ \ 

PgV 7^—(uo + <P(i',\')) N - i V-y.d i xZ,, 

1 *=o 



X z oV 



V 



/ XNZ N tp 



/ 



Since 



(£',A')II* 



< C , the same proof as that of Proposition 5.1 shows that this 



operator is invertible for e and a small. 
Since now <fi = T[—R + N(<j>)], we have 

%0 = d e T\-R + JV(0)] + T[-%ii + d?N(<j>)]. 

This implies, by Proposition 5.1 and 5.4, 

IM* < C(||i2||„ + ||JV(0ll« + ||%ii||„ + \\d e N(ct>)\U*). 

Direct calculation shows 



d e N(<j>) 



(d?uo + d e 4>) (m + (/))—- u£ 



4(iV + 4) _ 



u N 4 (%w )</>. 



iV-4 

Hence we can obtain 

||%A^)|U* < C^ 4 — ||0|U(1 + ||%0|U) < Ce A -°{l + Wd^U). 
It is easy to check 

\\d e R\\** < C. 
Since we already have (36) and (37), we can conclude 

\\d e( p\u<c. 

The corresponding result for differentiation with respect to A' can be gotten 
similarly. The proof is concluded. □ 



(38) 
(39) 
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7 Variational reduction 

As we have said, after Problem (35) has been solved, we find a solution to 
Problem (7) if (£', A') is such that 



Ci(£',A') = for alii. 



(40) 



This problem is indeed variational: it is equivalent to finding critical points of 
a function of (£', A'). To see this, we define 

T g ^,\')=E g [u ^,X') + ( p^,\')} 

where <f> is the solution given by Proposition 6.1. 

Lemma 7.1. (£', A') satisfies System (40) if and only if (£',A') is a critical 
point of Tg. 

Proof. Since 

AT A N 

Pg(u + 4>) — (UO + (j)) N - i =2_^CiXZi, 

i=0 

we have 

AT 

%'.A')-^(C' ; ^') = Vci / X^i[%',A')^0 + %'.A')^]' 

from which the necessity follows. In what follows we assume 9(f,A') A') = 

0. Then 



/ x^i %',A')"0 + %,A' 



0. 



i=0 



Using Proposition 6.2, we can directly check that 

t^ito + 3|j^> = Zi + o(l), 
a A 'U + 9a'0 = Z + o(l). 

Thus the above system for is diagonal dominant, which gives Cj = for all 
i = 0, . . . , N . This concludes the proof. □ 



8 Energy Expansion 

In this section we obtain an expansion of T~ g . 

We first need to acquire a more refined estimate for <j>. Let w(y) satisfies 



PaW tl„ W 



pN 



/ X z i w = o, 



(41) 



28 



where 

Ri(y) = - ^ W x(y) 2H ij (d ljss u a ) + 2(d s H ij )(d ijs u ) + (d ss H ij )(di j u ) 

- -^-(d ss H i:j )(d lj u ) - -^(d jss Hij)(diUo) 

Here x is the cut-off function such that x(y) = 1 f° r \y\ < f an( i x{u) = f° r 
\y\ > We define 

(1 + \v - £'\) N - W 

\\Rit* = sup 1 ^ ^(j/)!- 

A similar proof as that of Proposition 5.1 shows that there exists a unique 
solution w to (41) such that 

mi: < < a (42) 

We introduce again that 

+ »« i (HJ^j |wW| 

Lemma 8.1. T/ie function <f> — w satisfies the estimate 

u-w\\':<c. 

Proof. Obviously, 

N 

- 4 — 

- n x In - ir) = - U Yt,,) 4 



Pg{4> -w)~ ^-W~ 4 {<j>-w) = -R 2 + N(4>) + V CixZi in R N , 

7=Z (43) 



/ X Zi(<t>-w)=0, 



where 



i? 2 (y) =A?t2 - A 2 u - ^ 10 X^ [ 2 #tt(fly"«o) + 2{d s H ij )(d ijs u ) 



(d ss H ij )(d ij uo) - ^-(d as Hij)(dijU ) - ^Y{d jss H ij )(d i u ) 
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It is easy to check 



\Mv)\ < { 



H 2 e 20 



(i + ly-fir- 20 

ae 



i\\N-l 



for |y| < Z 

for f < < J, 

for \y\ > -. 

e 



On the other hand, since \N{<j))\ < C(l + \y - Z'\) N - 12 \<f>\ 2 and \\<f,\\ t < C, we 
have 



M<t>)\ < 



A 20 ,£w 

(i + ly-ei)^- 16 V 



(i + |y-e'l) N+4 

By an analogous process to the proof of Lemma 5.2, we obtain 

u-w\\:<c\\R 2 \\'i+c\\Nmi<c. 

Proposition 8.2. The following expansion holds 



for \y\ < 



for \y\ > y -. 



□ 



ZF 5 (^,A') = 2£ 



^ hiehjt(dikkUo)(djU ) + j f ^ hjjjdjjUof) 
~T X! (deh m k) 2 (d t u ) 2 

J B p ■ r, a „, 



6jv 
4 



^2 {djh m s)(d. i h sm )(d t u ){d : ju ) 



i,j,m,s 



J X! [''""PAj) _ h s i(d s h mj ) + h s j(dihr, 

i . rn. . .s 



-~h ms (dih S j) d m (diUodjU ) 



b N 



+ -z- / h is (d mm hj s )(diUo)(djUo) 

^ [(<9i£h. m /c) 2 + {dih mk ){duih mk ) 



8(N- 1) 
JV-4 



4(iV-2) 2 

+ J ^2 \^hij(dij SS u ) + 2(d s hij)(dij s uo) + (d ss hij)(dijUo) 



^{d ss hij){dijUo) - ^-(djsshi^idiUo) 



w 
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/ q 20N_\ rt / 2N 20N \ ^ 

+ O l^s 7 ^] + O (/u~£^M + O 



AT_4N 



Proof. Since </> is a solution to (35), 

/ A s (u + cj>)A~ g <f> + y2(a N S- g g ij + b N K ij )di(u + cj>)d j( j> 
it" TT 



N — 4 

H ^ Qg(wo + 0)^0 



N -4 I . ,, N + 4 

(u o + 0) N - 4 '?!>- 



(44) 



While 



/ A g u A g (f> + ^(aNSgg 13 + bjylZ'^diUodjcj) H jr- ^<2g«o0 

/ | -PgM - A 2 u - V" 2/iy (5y SS {t ) + 2(d s h ij )(d ijs uo) + {dsshi^idijuo) 

jRN t£ L 

- -^(dssh^idtjuo) - Y"(9j 5S /iij)(9iWo)] }</> 

+ / V] 2/^(5^ u ) + 2(d s hij)(d ijs uo) + {d ss hij)(dijU ) 
JmN tits L 

+ \2hij(dij ss uo) + 2(d s hij)(dij S u ) + (d ss hij)(dijU ) 

jRN tl^s 1 



-^-(d ss hij)(diju ) - ^-{dj ss hij){diU ) 



+ 



N -4 



f 4 

/ fio' 
Jr n 



N+4 

~ N-4 



:= h+h+h + 



N-4 

Z J R N 



(45) 



Owing to 

PgiiQ - A 2 u - ^2 \2hij{dij SS uo) + 2(d s hij)(di js u ) + (d ss hij)(diju ) 



^-{d sa hij)(dijUo) - ^-{dj ss hij){diUo) 



< I 



C 



C 



/i 2 £ 20 



(l + b-eir- 20 



l a + b-eir- 1 



for |y| < 

£ 



for | 2/| > 
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we have 



|/i| <C/iVV y \log s\+C a 2 p(-) 

P 



N-4 



Also because 



^2 [ 2 hij(dij ss uo) + 2(d s h ij )(d ijs u ) + (d sa hij)(dijU ) 



^-{d ss hij)(dijUo) - -^-{d jss hij)(diUo) 



< < 



lie 



10 



(i + \y-i'\) N - w 

ae 



I (i + ly-fir- 1 

and ||0- HI',' <C, 



for \y\ < Z 
for \y\ > P - 



l/al^C/iVVllogel+Ca 2 ^)^- 4 . 



Since ||u>||'„ < C 1 and ft = for \y\ > \. 

h= \ 2 hij(di jaa uo) + 2{d s hij){d ijs u ) + (d aa hij)(dijUo) 



- ^{d aa hij){dijU ) - -^{d jaa hij)(diUo) 



w 



Thus, combining (44)- (48), we have 
2F s {Z',\')-2E s (uo) 

^ [2ftjj(% ss w ) + 2{d s hi j )(di js u a ) + {d aa hij)(dijU ) 



w 



+ 



N-4 







Irk 





2iV 
~ AT —4 



N+4 



N + 4 

(u + cj>)^u - <~ 4 (ito + <f>) 



+ 0(^p d \\ogs\)+0[a 2 P (- p ) N ^ 
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On account of \\(f>\\* < C, we have the pointwise estimate 



4 
N 



2JV 2N 
1^ 



N+4 "±4 

(«o + 4>)—*u ~ u^{u a + <t>) 



<c\<t>\- 



which implies 
N 



f 



(uq + 4>)^-i - u " 



2N 
~ N-4 



N + 4 _ 



2JV 20jV 



= 0(fj, N - 4 s N -*) + O a(- 
' P 



Proposition 4.16 then gives the result. 



□ 



9 Finding a critical point of an auxiliary func- 
tion 

We define a function F: R N x (0, oo) — > R as follows: given an pair (£', A') e 
1* x (0,oo), 

F{?,\')= - I V HuH j i{d ikk u a ){d j u a )+ ( [y^HijidijUo) 
Jr n ,77. \ 77 



i,j,k,£ 



h3 



~ ~T I { d j H m S ){diH sm )(diUo){djU ) 

7T f \H ms (d s Hij) — Hsi(d s H m j) + H S j(diH ms ) 

* Jr n ■ L 

i,j,m,s 

- H ms (diH sj ) d m (diU djU ) 

+ / Y H is(9 mm H js )(d i u )(d j u ) 
2 ^i,^ 



iV-4 
8(JV- 1) 7 R » 



^ ^(9i£i/ r „fe) 2 + {diH m k){dmH rn k) 



^ ' {d m mHij)(d ss Hij)u 



t,j,m,s 



^2^y(9y SS u ) + 2(d s Hij)(dij s u ) + (d ss Hij)(dijUo) 



^Y(d ss H ij )(d ij u ) - ^-(d jss H ij )(d i u ) 



w 
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where w(y) — w(y)/ns 10 and w(y) is defined in (41). Our goal in this section is 
to show that the function F(£' , A') has a strict local minimum point. 

Proposition 9.1. The function F(£', A') satisfies F(C, A') = F(-£', A') for all 
(£',A') e K w x(0,oo). Consequently, we have J^F(0, \') — and g^yF(0, A') = 
/or aiZ A' > 0. 

Proof. This follows immediately from the relation H ik (—y) = H ik (y). □ 

To the aim, we list some useful identities, which are all direct results by 
definitions. 

Lemma 9.2. 



diU = -{N-A)u {y) 



A' 2 + |y-ef 



dtjuo = (N- 2)(N 4)Mv) ^ a+ ^_p$ -(N- 4)fio(») y2 + {y _ f , 12 : 
% s « = -N(N-2)(N- 4)n (y)' 



~ "' M - > " "^'""fj (A' 2 + ly-fl 2 ) 3 



+ (JV-2)(JV-4)«o(i/) 



(A' 2 + |y-CT) 2 
Lemma 9.3. 

c^i? rofc = 2f(\y\ 2 )H mk y e + f(\y\ 2 )(d e H mk ), 

duHmk = 2Suf'(\y\ 2 )H mk + 2f'(\y\ 2 )(d l H mk )y e + 2f'(\y\ 2 )(d e H mk ) yi 
+ f(\y\ 2 ){d tl H mk ) + 4f"(\y\ 2 )H mk y t y e . 

Lemma 9.4. 

^ VidiH ms = 2H ms , ^2 VjdsHtj = —H st , 

* 3 

^ yjd ms H i: j = —d s H im — d m H is , yt{dtfH mk ) = diH mk . 

3 t 

Lemma 9.5. 



L ^ 



\S 



N-lt 



2N ( N + 2 hj, k ,e 



J2 {Wikje + Wujk) 2 , 



JdBl i,j,k i,j,k,t 

f ]T {duHii? = \S N ^\ ]T (Wikjt + W U jk) 2 . 
•' dBl ij,k,e i,j,k,e 
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Lemma 9.6. 



9Bi 



ijVpDq 



2\S 



JV-ll 



N(N + 2)(N + 4) 



^(Wifejp + W ipjk ){W ikiq + W iqjk ) 



\s 



JV-ll 



27V(7V + 2)(vV + 4) 

->JV-1 



^ ]T H pt i/ 9t = 2^^) E(^p + W i P jk)(W ikjq + w iqjk ), 

^{Wikjp + W ipjk )(W ikjq + W iqjk ) 



y2(dkHij) 2 y p y q 

9Bl ij,k 



2\S N - 1 \ 
N{N + 2)f. k 

\s N - x \ 



Job, . j 

^2H l3 (d q H l3 )y p 

/ V {duHijfy p y q 



\S 



+ 



JV-ll 



JV-ll 



iV(iV + 2) 



jV(iV + 2) 

^(Wifejp + W ipjk ){W ikjq + W iqj k), 



i,j,k 



\s 



JV-ll 



jV 



X] ( w ikjt + W l e lk ) 2 S p 



i,j,k,e 



We mention that the proof of some identities in Lemma 9.5 and 9.6 can be 
found in [3, 4]. The others may be proved by the same method. 



Lemma 9.7. It holds 



^2 H t jH it (d iss uo)(djUo) 



i,j,s,t 



£'=0 



/ mm l £ H tj H it (d iss u Q ){djU Q ) 

i,j,k 



iN-i 



2 /-oc 



(jV-2)(jV-4) 2 
N(N + 2) 7 

Proof. Since 

H t jHit(d iss uo)(djUo) 

i,j,s,t 



2\2 



^JV+5 + 2 ) r N+ 



3 1 



( A /2 +r 2)JV ( A ,2 +r 2)JV-l 



dr. 
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= f(\y\ 2 ) 2 H tj H it (N-2)(N-4) 2 u 2 
= N(N-2)(N-4) 2 f(\y\ 2 ) 2 



N\y-e 



(n + 2) 



(A'2 + |y-^|2)4 (A /2 + | y _ e |2 )3 

A' w - 4 |y-£" 2 



(\' 2 + \y-m 
-(N-2)(N + 2)(N-4) 2 f(\y\ 2 ) 2 



X ,N-4 



(A' 2 + \y' - C\ 2 ) 



N- 



i,j,t 



and 



i'=o 



\ /TV— 4 1 12 

= 27V(7V - 2)(iV - 4) 2 /(|y| 2 ) 2 /w2 ; JjjL ^ ff pt ff, 



(A' 2 + M 2 )^ 



-2(7V-2)(iV + 2)(iV-4) 2 /(| 2/ | 2 ) 2 



9< 



t 

/JV-4 



(A' 2 + |y| 2 )^ 



the lemma follows directly by Lemma 9.5 and 9.6. 
Lemma 9.8. We have 



□ 



/ { y~] HijHstdijUodstuo > 

f d 2 f — — 

/ 7^7^ 1 51 HijHstdijiiodsti 

i,,-, a ,t 



= 0, 



i'=o 



i'=o 



Proof. The lemma easily follows from 
HijHstdijUod s tUo 



i,j,s,t 



= (N-2) 2 (N-A) 2 f(\y\ 2 ) 2 



Lemma 9.9. There hold 



X 



IN-4 



(A' 2 + |y-CT) 



N 



i,j,s,t 



J2 (d e H mk ) 2 (d t u Q ) 2 



i.l.k.m 



= IS" -1 ! E (^ + ^«fc) 2 A 



IN-4 
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\2{N -A) 2 



' \ N(N + 2) J 

(TV _ 4)2 roc 



[r 2 /'(r 2 ) 2 + 2 / (r 2 ).f(r 2 )] 



n N+5 



( A /2 +r 2)iV-2 



+ 



N 



/(r 2 ) 2 



„N+3 



( A /2 + r 2)iV-2 



dr 



dr 



9 2 



E (^# rofe ) 2 (^o) 2 



1 \ i,£,k,m 



£'=0 



l^" 1 ! + W ipjk )(W ikjq + W iqjk )X 



iN-A 



i,j,k 



2 roo 



j 32(N - 2) (AT - 4) 2 
' { iV(7V + 2)(iV + 4) 7 



[r 2 /'(r 2 ) 2 + 2 / (r 2 ) / '(r 2 )] 



iV+7 



2r JV+6 



+ 



8(iV-2)(7V-4) 
7V(iV + 2) 



2 poo 

/ ,/(^ 2 ) 2 

Jo 



(AT - l)r 
(A' 2 +r 2 )^ ~ (A' 2 +r 2 ) N - 1 

(N — l) r N+5 2r N + 3 



(X' 2 + r 2 ) N (A^+r 2 )^- 1 



dr 
dr 



i,j,k,£ 



4(JV - 4) 2 



[r 2 /'(r 2 ) 2 + 2/ (r 2 )/'(r 2 )] 



N{N + 2){N + 4) J 

~2(N- l){N-2)r N + 7 (N- 2) {N + 8)r N + 5 (N + 4)r N + 3 



+ 



2(iV-4) 2 • 
N\nT2~} 



(A' 2 +r 2 )™ 

/ fir 2 ? 
Jo 



( A /2 + r 2)iV-l 



( A ,2 +r 2)JV-2 



dr 



2(JV- l)(7V-2)r Ar + 5 (TV- 2) {N + 6)r N + 3 (N + 2)r 



r.N+1 



( A /2 +r 2)W ( A ,2 +r 2)JV-l ( A ,2 +r 2)JV-2 

Proof. Direct computation shows 



dr 



E (^^) 2 (5^o) 2 

i,£,k,m 

= 4(7V-4) 2 [M 2 /'(| y | 2 ) 2 + 2/(H 2 )/'(| y | 2 ) 

\y-C\ 2 



\/N-4 



l\2 



(* 2 + \y-m N - 2 ^ r L 



E^ 



+ (N-4ff(\y\ 2 f\> N - i 



(A' 2 + \y - f|2)iv-2 



E (^ ff > 



m A: J 



k,£,m 
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d 2 



^1 U.k.m 



£'=o 



16(JV - 1)(JV - 2)(N - 4) 2 [|y| 2 /'(|y| 2 ) 2 + 2f(\y\ 2 )f'(\y\ 2 ) 
- 32(iV - 2)(JV - 4) 2 \\y\ 2 f(\y\ 2 ) 2 + 2/(|y| 2 )/'(|y| 2 ) 



|2/| 2 A' 



2 \/JV-4 



(\' 2 + \y\ 2 ) N 



k,m 



kmDpDq 



\lN-4 



(A 



12 I |„|2W- 



k,m 



8(N 2)(N 4) 2 |y| 2 /'(M 2 ) 2 + 2/(|y| 2 )/'(|y| 2 ) 



M 2 A 



2 n/JV-4 



+ 8(iV-4) 2 M 2 /'(|2/| 2 ) 2 + 2/(|y| 2 )/'(|y| 2 ^ 



(A' 2 + M 2 )^ 

X ,N-4 



(A' 2 + M 2 ) w - 2 



k.m 



2\2 



+ 4(iV-l)(iV-2)(iV-4) 2 /(M 2 ) 



|y| 2 A 



2 \/AT-4 



(A' 2 + \y\ 2 ) N 



X {d f H mk ) 2 y p y q 



k.L: 



8(7V-2)(iV-4) 2 /(|y| 2 ) 5 



A 



/JV-4 



(A' 2 + \y\ 2 ) 



N- 



— X (dt H mk) 2 y P yq 



k,£,m 



2\2 



-2(7V-2)(iV-4) 2 /(M 2 ) 



|j/| 2 A /jv - 4 
(A' 2 + M 2 ) 



iV- 



kJ,; 



■2{N-A) 2 f{\y\ 2 f 



yiV-4 



(A' 2 + \y\ 



2\N-2 



k,£ : m 



Using Lemma 9.5 and 9.6, we finish the proof. 
Lemma 9.10. We have 



X {diH ms )(d j H ms )d i u d : 



> jUo 



t,j.m,s 

\S N - l \{W ikji +W Uj k?X N - A 
2(N-A) 2 i-oo 



N(N + 2) 



I [r 2 f'{r 2 ) + f{r 2 )\ 
Jo 



r N+3 



(A' 2 + r 



c\v 



J'=0 



is"- 1 ! J2( w ikj P + w ipjk )(w ikjq + w iqjk )\ 

( 32(N - l)(N - 2)(N - 4) 2 r00 



In— 4 



N(N + 2){N + 4) J 



[r 2 .ar 2 ) + f(r 2 )] 2 {x , r 2+r2)N dr 



□ 
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+ 



+ 



+ 



64(iV-2)(7V-4) 2 
N(N + 2)(N + 4) J 
W(N-2)(N-4) 2 r °° 

16(7V-4) 2 
N(N + 2)(/V + 4) 
2(iV - 4) 2 r°° 

N 

8(iV-4) 2 
N(N + 2) 



[r 2 /'(r 2 ) 2 + /(r 2 )/'(r 2 )] 



dr 



/ P/(r 2 )/'(r 2 ) +/ (r 2 ) 2 
Jo 

/•GO . - 



„N+3 



( A /2 + r 2)JV- 



-dr 



/>oo 

/ /(r 2 ) : 

JO 

/■OO \ I 1 

1 



( A /2 + r 2)JV-2 
JV+3 



+ r 2 ) 



dr 



2\JV-2 



2\JV-2 



dr 



+ 1^- 1 ! ^ (Wikjt + w Ujk ) 2 x' N -% 



4(N - 2)(N - 4) 2 

iv(iv+2) y 



[r 2 /'(r 2 ) + /(r 2 )] 2 



2(7Y-1) r 



W+5 



r JV+3 



TV + 4 (A^+r 2 )^ (A' 2 +r 2 ) w -! 



dr 



16(iV-2)(iV-4) 2 
N(N + 2)(N + A) J (l 

4(iV-4) 2 



[r 2 /'(r 2 ) 2 + /(r 2 )/'(r 2 )] 



„N+5 



( A /2 +r 2)W-l 



dr 



/V) 2 



„iV+5 



( A ,2 +r 2)JV-2 



dr y 



N(N + 2)(N + A) J a 
Proof. Direct calculation shows 
^2 (diH ms )(djH ms )diU djUo 

= J2 iy'(\y\ 2 )y*H ms + f(\y\ 2 )d i H ma ][2f(\y\ 2 )y j H ma + /(|y| 2 )9^„ 



i.j, m.s 



(iV-4) u (y) 



= 4(7V-4) 2 \y\ 2 f(\y\ 2 ) + f(\y\ 2 ) 



(A' 2 + |y-£'| 2 ) 2 

2 \' N - 4 



(A' 2 + |y-C'l 2 ) 



8(^V-4) 2 |y| 2 /'(M 2 ) 2 + /(|y| 2 )/'(|y| 2 ) 



l\2\N-2 

m.s 
iN-i 



2 



A' 



(\' 2 + \y-ti'\ 2 ) N - 2 



4(N-4) 2 [\y\ 2 f(\y\ 2 )f'(\y\ 2 ) + f(\y\ 2 ) 2 ] — 



v/AT-4 



+ | y _£/|2)tf-2 



E 

j,m.s 



4(/Y-4) 2 /'(|y| 2 ) 2 



v/AT-4 



E "Lmvj&j 



39 



2\2 



+ (AT-4)V(|y| 2 ) 



A 



/JV-4 



(A^ + ly-CT)^ 2 



(d l H ms )(d J H ms )^' J 



i,j,m,. 



+ 4(N-A) 2 f(\y\ 2 )f'(\y\ 2 ) 



A 



iN-i 



(\> 2 + \ y -e\ 2 ) N - 2 



^ H ma {djH ma )yi^, 



d 2 



16(iV - 1)(JV - 2)(JV - 4) 2 [|y| 2 /'(|y| 2 ) + /(|y| 2 ) 
-8(7V-2)(iV-4) 2 f| y | 2 /'(| 2 ;| 2 ) + /(M 2 ) 



2 A' 



/JV-4 



XI H2 msVpVq 



32(N -2)(N- 4) 2 + f(\y\ 2 )f'(\y\ 2 ) 

- 8(N -2)(N- 4) 2 [\y\ 2 f(\y\ 2 )f(\y\ 2 ) + f(\y\ 2 ) 2 
• ^H m8 (d q H m8 )y p + i7 ms (9 p 77 ms )ygj 

A /JV-4 



(A' 2 + |y| 2 ) w 

( A /2 _|_ | y |2)iV-l ms PI 

A 



m,s 
\/N-4 



(A' 2 + |y| 2 ) 



t H H m S y P yq 



A' 



iV-4 



(A ,2 + M 2 )N -1 



+ 8(7V-4) 2 /'(|y| 2 ) 2 



2\2 



2(7V-4) 2 /(|y| 2 ) 



(A' 2 + M 2 ) 

yiV-4 



(A' 2 + |,| 2 )-- 2 hhn> 

A /iV-4 



AT_2 ^msVpVq 



^ {d p H rns )(d q H ms ) 



+ 4(N - 4) 2 .f(\y\ 2 )f(\y\ 2 ) {x/2 + lyl2)N _ 2 ^ [H ms (d q H ms )y p + H ms (d p H ms )y q ] . 

Lemma 9.5 and 9.6 then yield the result. □ 
Lemma 9.11. /£ holds 

[-ffros(ds-ffjj) - H si (d s H m j) + H s j(diH ms ) 

- H ms (diH sj ) d m (diU djU ) = 0. 
Proof. Direct computation shows 
X ff ma (a s ffij)9 m [9i{(o9jUo] 

= 2 Hms(dsHij)dimUodjUQ 



i,j,m,s 
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\/jV-4 

= -2 (j V-4)W) 2 (A , 2 + |y _ e/|2)jv _ 2 E^ 

\>N-4 

2(N 4)V(M 2 ) 2 (A , 2 + | ^ /|2)jv _ 2 £ IWft-^S 

A 



fN—4 



+ 4(N -2)(N- 4) 2 /(|^| 2 ) 2 (A , 2 + |j/ _ e|2)jv _ 1 £ //.„,//,„.rX 

\lN-4 

+ 2(N -2)(N- 4) 2 /(|y| 2 ) 2 (A , 2 + |y _ e|2)jv _ 1 2 //^-:<U/,,^;C 



and 

E #is(d s #j m )<9 m [djito<9jUo] 
= E H is (d s H jm )[d im uodjUo + diU dj m uo\ 

= -(^v-4) 2 /(M 2 ) 2 (A , 2 + |y _ e|2)iV _ 2 E^ 
(x 2 + \y~m J 



- - 4)W) 2 rv2 ^ 7; _,,| 2VV - 2 E « "-"-x 

i,j,m 
x ,N-4 



+ 4(tv -2)(N- i) 2 f(\y\ 2 ) 2 {x/2 + ly _ mN ^ E 

(A' 2 + |y-C' 



\/iV-4 

+ 2(JV - 2)(JV - 4) 2 /(| y | 2 ) 2 _ E 



Thus 

E \H m8 (d 3 Hij) - £f is (0 s .ff.,- m )] d m [djUo<9jUo] 

A ,JV-4 



- (JV - 4) 2 /(M 2 ) 2 (A/2 + |y _ g/|2)jV _ 2 E *3 

\lN-4 

- (iv-4) 2 / (M 2 ) 2 (A/2 + | ^_ g/|2)jV _ 2 e //.„.«»„.//.,<• 



On the other hand, 



^ |7r s j-(ft.ff ma ) - ff ma (9iffj- a )] (d m (d t uo)(djUo)) 

E /(lyl 2 ) 2 ^^-^™^) _ H ms (d l H JS )](d lm u d j u + d l u d jm u ) 
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2\2 



= (at-4)V(M 2 ) 



A 



/JV-4 



(A* 2 + |» - $'|2)JV-2 ^ 



2\2 



+ (7V-4)V(N 2 ) 



A 



/Af-4 



(A'2 + |y-e'| 2 ) W - 



^ HtsidiHjs)^. 



The lemma follows immediately. 
Lemma 9.12. We have 



□ 



/ { H s i(d mm H js )diUodjUo > 

/ jJr»77 \ Yl H si(dmmH js )diU djU0 \ 

- I^" 1 !^^ + Wi w - fc )(Wi fcj , + ^)A ,Ar - 4 

2(iV ~ r ^ + 4)/(r 2 )/'(r 2 ) + 2r 2 /(r 2 ).f (r 2 ) 



o. 



7V(iV + 2),, 
Proof. It is directly checked that 

H S i(d mm Hj S )d t u djUo 



r N+3 



(A' 2 + r 2 ) 



JV-2 



dr. 



i,j,m,s 



r i A 

(TV - 4) 2 [(27V + 8)/(M 2 )/' (|y| 2 ) + 4|y| 2 /(|y| 2 )r (|y| 2 ) ] 



iN-A 



(\ f2 + \y~e\ 2 ) N - 2 



t,3r 



and 



H s i(d mr nH j s )diUodjUQ 



:.j,m.s 



(A' 2 + |y-f| 2 ) 



r i A 

= 4(7V - 4) 2 [(TV + 4)/(M 2 ).f'(M 2 ) + 2|y| 2 /(| 2/ | 2 )/"(|y| 2 ) 1 

s 

we conclude the proof by using Lemma 9.5 and 9.6. 
Lemma 9.13. The following hold 



iN-A 



n-2 



□ 



5^ 



^2 [(9i£H mk ) 2 + (deH mk )(diieH mk )]ul 
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IS"- 1 ! E (Wikjt + Wujk) 2 * 



fN-4 



N(N + 2) J 



3(N + 8)/'(rT + 2(N + 8)/(r 2 )/"(r 2 ) 



+ 2{N + 18)r 2 f(r 2 )f"(r 2 ) + 4r\f"(r 2 ' J 
+ 4r 2 f(r 2 )f"'(r 2 )+4r\f(r 2 )f"'(r 2 ) 



„N+3 



2 

N 



+ 



POO 

/ f(r 2 ) 
Jo 



(X' 2 +r 2 ) N - 4 
4r 2 f(r 2 ) 2 + (N + 8)/(r 2 )/'(r 2 ) + 2r 2 f(r 2 )f" (r 2 

N-l ~1 



^N+l 



( A /2 + r 2)JV-4 



dr 



2W-4 I ' 



dr 



(A' 2 + r 



E [{diiHmk) 2 + (diH mk )(diiiH mk )] u 2 



\s N -\w ikjp + W ipjk )(W ikjq + w^x^- 4 

j 8{N-3)(N-4) 
|iV(7V + 2)(N + 4) 



Jo 



12(N + 8)/'(r 2 ) + 16r 4 /'V) + 8(N + 18)r 2 /' '(r 2 )/" \r 2 ) 



+ 8(N + 8)jV)/'V) + 16r 2 /(r 2 )/"' (r 2 ) + 16r 4 /V)/"V) 

r N+5 



+ 



( A /2 +r 2)JV-2 

8(JV-3)(JV-4) 
N(N + 2) 

8r 2 /'(r 2 ) 2 + 2(N + 8)/(r 2 )/'(r 2 ) + 4r 2 /(r 2 ).f" (r 2 ) 



„iV+3 



(A' 2 + la;! 2 )^- 2 



+ \s N - 1 \(w lkje + w Ulk ) 2 x' N - 4 s pq 

j N-4 
\N(N + 2) 

12(N + 8)/'(r 2 ) 2 + 16r 4 /"(r 2 ) 2 + 8(N + 18)r 2 /'(r 2 )/"(r 2 ) 
+ 8(N + 8)/(r 2 )/"(r 2 ) + 16r 2 /(r 2 )/"'(r 2 ) + 16r 4 /'(r 2 )/"'(r 2 ) 



2(JV-3) 



r.N + 5 



r N+3 



N + 4 (\' 2 +r 2 ) N - 2 (A' 2 + r 2 ) 



N-3 
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+ 



2(AT-4) 
N 

2(JV-3) 



8r 2 f'(r 2 ) 2 + 2(N + 8)/(r 2 )/'(r 2 ) + 4r 2 f(r 2 )f" \r 2 ' 



r.N + 3 



r N+l 



N + 2 {\' 2 +r 2 ) N - 2 (\' 2 + r 2 ) N - 3 
2(N - 3) r N+1 



+ 2(7V-4) / f(r 2 ) 
Jo 



2\2 



JV-1 



N (\' 2 +r 2 ) N - 2 (\' 2 +r 2 ) N - 3 
Proof. We have 

^2(d t iH mk ) 2 

i,e 

= [^uf'(\y\ 2 )H mk + 2f(\y\ 2 )y e (d t H mk ) + 2f(\y\ 2 )y l (d i H mk ) 

i,e 

+ f(\y\ 2 )duH mk + Af"(\y\ 2 ) ym H mk \ * 
= ANf{\y\ 2 ) 2 H 2 nk + 8|y| 2 /'(|y| 2 ) 2 5>iW + f(\y\ 2 ) 2 ^uH^) 2 

i i,t 

+ W(M 2 ) 2 J2 yi H mk{diH mk ) + 4/'(|y| 2 )/(|</| 2 ) ]T H mk {d u H mk ) 

i i 

+ 8/'(M 2 ) 2 J2 yiye(9iH mk )(d e H mk ) + 8/'(|y| 2 )/(|y| 2 ) ]T yt(d % H mk )(d %l H mk ) 



16f"(\y\ 2 ) 2 \y\ 2 H 2 mk + 80f(\y\ 2 )f"(\y\ 2 )\y\ 2 H 2 



mk 



8f(\y\ 2 )f"(\y\ 2 )J2v^ H "^iH m k) 



(AN + 6A)f'(\y\ 2 ) 2 + 16|y| 4 /"(M 2 r + 80\y\ 2 f'(\y\ 2 )f"(\y\ 2 ) + 16 f (\y\ 2 )f" (\y\ 2 ) 



+ 8 



\y\ 2 f(\y\ 2 ) 2 + f(\y\ 2 )f'(\y\ 2 )} £(^ rofe ) 2 + f(\y\ 2 ) 2 £(^# rofe ) 2 , 



(djHmk ) {due H mk ) 
]T { \(2N + 8)f'(\y\ 2 ) + 4| y | 2 /"(|y| 2 )l (d e H mk ) 



+ 



yiHmk 



(AN + 2A)f'(\y\ 2 ) + 8\y\ 2 r{\y\ 2 ) 
2f'(\y\ 2 ) yi H mk + f(\y\ 2 )d f H mk 
8(N + 4)/'(|y| 2 ) 2 + 8(N + 8)| y | 2 /'(|y| 2 )/"(|y| 2 ) + 8(N + 6)/(|y| 2 )/"(M 2 ) 
+ 16|y| 2 /(|y| 2 )/"'(|y| 2 ) + W\y\\f(\y\ 2 )f"(\y\ 2 )} H 2 mk 
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+ 



2{N + 4)/(|y| 2 )/'(|y| 2 ) + 4| 2/ | 2 /(|y| 2 )/"(|y| 2 )] ^(^ mfe ) 2 



and 



ftp, ftp, \ ^ [(duH mk ) 2 + (diH mk )(diiiH mk )]ul 



4(iV - 3)(JV - 4) [l2(JV + 8)/'(|y| 2 ) 2 + 16|y| 4 /"(|y| 2 ) 2 + 8(N + 18)|y| 2 /'(|y| 2 )/"(|y| 2 ) 
+ 8(N + 8)/(|y| 2 )/"(|y| 2 ) + 16|y| 2 /(|y| 2 )/'"(|y| 2 ) + 16|»| 4 /'(|y| 2 )/'"(b| 2 )' 

yN-4 



(A' 2 + \y\ 2 ) N - 2 



k.m 



2(N 4) [12(N + 8)/'(|y| 2 ) 2 + I6|y| 4 /"(|2/| 2 ) 2 + 8(JV + 18)|y| 2 /'(|y| 2 )/" (M 2 ) 
+ 8(7V + 8)/(|y| 2 )/"(bl 2 ) + 16M 2 / (M 2 )/'" (|y| 2 ) + 16|y| V'dtfl'jr'dl/I 2 )' 

yN-4 



(A' 2 + |y| 2 ) w - 3 



+ 4(N 3)(N 4) [8|y| 2 /'(|y| 2 ) 2 + 2(N + 8)/(|y| 2 )/'(|y| 2 ) + 4|y| 2 /(|y| 2 )/" (\y\ 2 ) 



wJV-4 



(A' 2 + \y\ 



2\N 



k,l,; 
|2 -f'/L,|2\2 



2(N - 4) [8|y| 2 /'(|y| 2 ) 2 + 2(N + 8)/(|y| 2 )/'(|y| 2 ) + 4| 2/ | 2 /(|y| 2 )/"(|y| 2 ) 

yN-4 



(A' 2 + M 2 ) w - 3 
+ 4(jV-3)(AT-4)/(|y| 2 ) 

X ,N-4 



^ (diH km ) 2 S pq 

X ,N-4 



k,£,m 
|2\2 



2(7V-4)/(|y| 2 ) 2 



(A' 2 + |y| 2 )^- 3 



_|_ | y |2)JV-2~ X! (die H km) 2 y P y q 

1 .k .£ . TYh 



{9uH km ) 2 S pq . 



Lemma 9.5 and 9.6 then give the result. 
Lemma 9.14. VFe Ziawe 

^ ' {dmmHij)(d ss Hij)u 2 t 
i.j,m.s 

\s N -^\ J2 (w ikje + w Ujk ) 2 x 

i,j.k.£ 

i 



□ 



/JV-4 



2iV(iV + 2) 7 



2(AT + 4)/'(r 2 )+4r 2 /"(r 2 ) 



(A^+r 2 )^- 4 



dr 
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d 2 



^ ^ (dmmH ij)(d ss Hij)ilQ 



i,j,m,. 



I^- 1 ] J2( w ikj P + w ipjk )(w ikjq + w iqjk )\ 

8(N-3){N-4) 



/N-4 



N(N + 2){N + 4) J 
+ |5 Ar - 1 | J2 (W tkj i+Wa lk ) 2 X' N -% 



[2(N + A)f'(r 2 )+Ar 2 f"(r 2 )] Z 7 - 



„N+5 



(A' 2 + r 2 ) 



2\N-2 



dr 



i,j,k,e 

N — A 



N(N + 2) J 



[2{N + A)f{r 2 )+Ar 2 f"(r 2 )\ 
2(N - 3) r N + 5 



r N+3 



N + 4 (X' 2 + r 2 ) N - 2 (\ /2 +r 2 ) N - 3 



dr. 



Proof. Since 

Y,d mm Hii = E ( ^\\y\ 2 )ymd m H tl + 2f'(\y\ 2 )H l] + Af" (\y\ 2 )y 2 m H l3 

f{\y\ 2 )d mm H l:) 

2(N + 4)f(\y\ 2 ) + 4\y\ 2 f'(\y\ 2 ) 



Hi- 



and 



q^Tq^F { H (d mm H t:j )(d ss H lj )u 2 ie £ 



5'=o 



4(iV - 3)(JV - 4) 2(N + 4)f(\y\ 2 ) + 4\y\ 2 f'(\y\ 2 ) 



2(N-4) 2(iV + 4)/'(|j / | 2 )+4| y | 2 /"(| 2/ | 2 ) 



2 yN-4 



(A' 2 + \y\ 2 ) 



N-2 



X 



iN-A 



(A' 2 + M 2 )^ 3 



'y~] Hij dpq i 



we obtain the result by Lemma 9.5 and 9.6. 
Lemma 9.15. There hold 



□ 



^2(d S sH i: j){di uo)w 
^2(d s Hij)(d S i u Q )w 



0. 



|'=0 



Q2 

■— — Y,{d ss H l0 ){d %0 u o ) 

P Q i,j,s 



a 



w 



= ' WW Yl( d s H ij)( d sijU0)w 



= 0, 
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y]Hij(dssijUo)w 

i,j,s 

^2 (d jmm H i: j)(diu)w 



i'=o 



i.j,m 



VN' i,j,s 

Q2 

= ' d£'d? Z)(djmmff»j)(d»M)? 



= o, 



£'=o 



= 0. 



£'=o 



Proof. Direct computation shows 

= [27V/'(|y| 2 ) + 8/'(|y| 2 ) + 4| y | 2 r(l2/| 2 )] 



(TV - 2)(JV - 4) (2JV + 8)/'(|y| 2 ) + %| 2 /"(|y| 2 ) 



A'^ 



(A' 2 + |y-e| 2 )^ 



1,3 



£ [V{\y\ 2 )y s H tl + /(|y| 2 )(9^)] (TV - 2)(JV - 4)« 



(A' 2 + |y-C'| 2 ) 2 
-27V(iV-2)(7V-4)| y | 2 /'(|y| 2 ) 

+ 27V(7V-2)(iV-4)./"(M 2 ) 



A 



(A' 2 + | y -C'l 2 )^ 



(A' 2 + |y-e'l 2 ) 3 



X'^ 



+ N(N-2)(N-A)f(\y\ 2 ) 



^ Hij(dssijUo) 



X' 1 



(A' 2 + |y-£T)^ 



/IO\ w + 2 



(A' 2 + |y-CT)^ 



-iV(iV-2)(7V-4)(7V + 4)/(|y| i 



A'^ 



(A' 2 + |y-C'l 2 ) = 
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X] {djmmH lj )(d l u) = 0. 



Recall the equation for w and note that if £' = 0, Ri(y) — 0, so w|^'=o = 0. 
The Lemma is easily concluded. □ 

Combining the above identities, we have the following proposition. 

Proposition 9.16. It holds 



F(0,A') 
N-4 



IS 1 "- 1 ] ]T (W ikje + W Ujk ) 2 X 



tN-A 



i,j,k,£ 



+ 



2N 

N(N + 2) J 
1 



/ [r 2 /'(r 2 ) 2 + 2.f(r 2 )/'(r 2 )] 
Jo 

f 

Jo 



N(N + 2) 

a N (N-4) , , , 



r JV+5 



( A /2 +r 2)iV-2 



dr 



( A ,2 +r 2)W-2 



[r 2 /'(r 2 ) + /(r 2 )] : 



„iV+3 



(A 



/2 I „2\iV-2 



dr 



/*°° 

■/ 3(iV + 8).f(r 2 ) 2 + 2(iV + 8)/(r 2 )/" 



27V(7V- l)(AT + 2) 

+ 2(iV + 18)r 2 /'(r 2 )/"(r 2 ) + 4r 4 /"(r 2 ) 2 

+ 4r 2 /(r 2 )/'"(r 2 )+4r 4 /'(r 2 ).r(r 2 ) 



(r 2 ) 



n N+3 



( A /2 +r 2)JV-4 

+ 2JV(J v_ 1} I [^/'(r 2 ) 2 + (TV + 8)/(r 2 )/'(r 2 ) + 2r 2 /(r 2 )/"(r 2 ) 



JV+1 



( A /2 +r 2)W-4 



dr 



dr 



+ 



2\2 



-AT-1 



4(^V - 1) J 
1 



fir 1 ) 



( A ,2 +r 2)JV-4 



dr 



N(N - 2) 2 (N + 2) 



f 

Jo 



(7V + 4)/'(r^) + 2r 2 /"(r 2 ) 



„JV+3 



( A /2 +r 2)JV-4 



dr 



Our final goal is to choose the auxiliary function /. Unlike [4], where a 
quadratic polynomial is chosen, we need to choose a 4th order polynomial 



f(s) = r - 1200s + 2411s 2 - 135s 3 + s 4 . 
Using the software Mathematica, we get 
Proposition 9.17. Assume N > 25 ; 

^(0, A') 



(50) 
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n-4 i^-i. Vr „, +w r[f -9]r[f + 7] 
~ i6(7V2-4) 15 1 ^ jfe) r[jv + i] ( } 

w/iere V denotes the usual T — function and 
I(X') 

= - (N- 4)(N+ 14) A / 6 42Ar5 _ 768 ^ 4 _ U2ASN 3 + 387687V 2 

(AT - 24) (AT - 22) (AT - 20) V 

- 2336AT - 38400) 

270(A^ - 4)A' 18 
(AT — 22){N — 20) 



+ 



(V 6 + 32Af 5 - 612A^ 4 - 10768N 3 + 24672N 2 - 640N 



- 25600J 

I AT A\ \'16 , 

1 23047AT 6 + 543484N 5 - 10985408N 4 - 146678256AT 3 



(AT - 20)(N + 12) 



+ 



+ 351063488AT 2 - 16180224N - 363260160J 

„ 3 °^w!| A 77^ f 22499AT 6 + 356784N 5 - 7984044N 4 - 76228592A^ 3 
(AT + 10)(AT + 12) V 

+ 193344928N 2 - 4902016Ar - 209193984^ 



- ( N 18) (AT 4 ) Al2 ( 2tN & + 9052921 A^ 6 + 4rAT 5 + 84049210W 5 
(N + 8)(N + 10)(AT + 12) V 

- 384rA^ 4 - 2265707776N 4 - 1856rA^ 3 - 14204127072AT 3 + 4704tA^ 2 
+ 40189627120N 2 + 7360rA^ - 1125216800Af - 12800t - 45033619968^ 

+ 3oy-y-iy- 4 )vi° (qtN5 + l9288QQN5 _ 54rNi 



(N + 8)(N + 10)(AT+ 12) 

- 3857600N 4 - 864rW 3 - 293177600N 3 + 1584rAf 2 + 648076800AT 2 

+ 2880tA^ + 61721600AT - 4608t - 740659200) 

- ^'T^IT^T'T (^N* + 72000000^ 
(N + 6)(N + 8)(N + 10)(AT + 12) V 

- 14466tA^ 4 - 288000000A^ 4 - ^Oier^ 3 - 5760000000AT 3 
+ 308608tA^ 2 + 14976000000AT 2 + 347184tA^ - 2304000000N 

- 694368r - 13824000000) 

24000(jV - 18) (N - 16) (AT - 14) (TV - 12) (TV - 4) (N - 2)tA' 6 / 3 2 
(A^ + 6)(A^ + 8)(Af + 10)(A^+12) V 

+ 16) 
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(N - 18)(N - 16) (N - 14) (AT - 12)(AT - 10) (N - 4)(AT - 2) 2 r 2 A' 4 / 2 



AT 



4iV-4 



(iV + 4) (AT + 6)(N + 8)(N + 10) (AT + 12) 



Next we compute the Hessian of F at (0, A'). Because of Lemma 945, it is 
obvious that 

q2 ( r 

TgTn X! [ 2 ^(^' SS Mo) + 2(d s Hij)(dijaUo) + (d ss Hij)(dijUo) 



0. 



-^(d ss Hij)(dijU ) - -^(d jss Hij)(diUo) 



w 



Proposition 9.18. T/ie second order partial derivatives ofF(£',\') at (0, A') 
are given by 



Af(A^ + 2) 



l^" 1 ! £(Wi Wp + w ipjk )(w ikjq + w iqjk )\ 



IN-4 



/>00 

Jo 



Nr N+5 ( N + 2 ) r N+3 



( A /2 +r 2)JV ( A /2 + r 2)iV-l 



8ajy(Af- 2) 



/ [r 2 /'(r 2 ) 2 + 2/ (r 2 )/'(r 2 )] 
Jo 



(N — l)r 



N+7 



dr 



2r N+5 



+ 



2a N (N-2) f(r 2 ) 2 
Jo 

8b N {N- l)(N-2) 

A^ + 4 
16b N (N-2) 



(X' 2 +r 2 ) N (A' 2 +r 2 ) w -! 



dr 



(X' 2 +r 2 ) N (A' 2 +r 2 ) w -! 

r N+5 



dr 



1 WW + fW \J +r ^ dr 



N + 4 



[r 2 /'(r 2 ) 2 + /(r 2 )/'(r 2 )]-- 



( A /2 +r 2)JV-l 



dr 



/>oo 

+ 46^-2) / [r 2 f(r 2 )f'(r 2 ) + f(r 2 ) 2 } 
Jo 



„N+3 



(\> 2 + r 2 ) N - 



-dr 



J V > (\I2 



4&jV 

N + 4J 
bN(N + 2) , 
'o 

„2\ j-'c„2 



( A /2 + r 2)JV-2 



dr 



/ f(r 2 
Jo 



(X /2 +r 2 ) N - 2 

r°o N+3 

-2b N j o f(r 2 )f'(r 2 ) {x , 2 + r2)N _ 2 dr 



dr 
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+ b N 
+ 



(N + 4)f(r 2 )f'(r 2 ) + 2r 2 f(r 2 )f"(r 2 ) 
4(iV-3) 



„N+3 



( A /2 + r 2)JV-2 



dr 



(JV-l)(JV + 4) 

/>OC 

• / 3(N + 8)/'(r 2 ) 2 + 4r 4 /"(r 2 ) 2 + 2(N + 18)r 2 /'(r 2 )/"(r 2 ) 

+ 2(N + 8)/(r 2 )/"(r 2 ) + 4r 2 /(r 2 )/"' (r 2 ) + 4r 4 /V)/'V) 



+ 



2(iV-3) 
iV — 1 



( A /2 +r 2)JV-2 

4r 2 /'(r 2 ) 2 + (N + 8)f(r 2 )f'(r 2 ) + 2r 2 f(r 2 )f" (r 2 ) 

„.JV+3 



dr 



8(N-3) 



/ [(iV + 4).f(r 2 ) + 2r 2 /"(r 2 )]- 
Jo 



( A /2 +r 2)JV- 



7 dr 



(7V-2)2(7V + 4 ) J 



( A /2 +r 2)W-2 



dr 



ajv 



;/ P/'(r 2 ) 2 + 2/(r 2 )/(r 2 )] 



A^ + 470 

2(AT-l)( J /V-2)r JV + 7 (iV - 2)(N + 8)r N + 5 



{N + 4:)r 



N+3 



(A' 2 



r 2\N 



( A /2 + r 2)JV-l (A' 2 +r 2 ) 



JV-2 



-^/°°/(- 2 ) 2 

2(JV- l)(/V-2)r w + 5 (JV-2)(jV + 6)r w + 3 (N + 2)r N+1 



b N (N-2) 
iV" + 4 



( A /2 + r 2)JV-l 



(A' 2 +r 2 ) w - 2 



dr 



dr 



/>oo 

/ [r 2 /'(r 
Jo 



2 ) + /(- 2 )] 2 



2(N~l)r N + 5 {N + 4)r N + 3 



( A /2 +r 2)JV ( A ,2 + r 2)iV-l 



+ 



46jv(A^-2) 



iV + 4 
6a? 



/ [r 2 /'(r 2 ) 2 + / (r 2 ) / '(r 2 )] 
Jo 



( A /2 + r 2)iV-l 



dr 



dr 



+ 



N + 4J Q 
1 



/>OG 

/ /V) 5 
Jo 



(A' 2 + r 2 ) 



iV-2 



dr 



Jo 



2(N - l)(N + 4) 



3(N + 8)/'(r 2 ) + 4r 4 /"(r 2 ) 2 + 2{N + 18)r 2 /'(r 2 )/'V) 
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+ 



1 



+ 2(N + 8)/(r 2 )/"(r 2 ) + 4r 2 .f (r 2 )/"'(r 2 ) + 4r 4 .f'(r 2 )/'"(r 2 

~ 2(N-3)r N+5 _ {N + 4)r jv + 3 

' _ (A'2 + r 2)JV-2 - ( A /2 + r 2)iV-3 

4r 2 / (r 2 ) 2 + (JV + 8)/(r 2 )/ (r 2 ) + 2r 2 f(r 2 )f" (r 2 ) 
~ 2(N-3)r N+3 _ (N + 2)r jv+1 

' _(A'2 +r 2)N-2 - (A'2 +r 2)W-3 

2(JV-3)r Ar+1 TVr^- 1 



2(jv-i)y 



dr 



dr 



7V + 2 
4(iV-l)7 



2\2 



fir 1 ) 



_{\< 2 +r 2 ) N - 2 (X' 2 + r 2 ) N - 3 

2 



dr 



(N — 2) 2 (N + 4) 



/> OO 

/ [(iV + 4)/(r 2 ) + 2r 2 .r(r 2 )] ; 
Jo 



2(N-3)r 



N+5 



(\' 2 +r 2 ) N - 2 

Also by Mathematica, the following holds. 
Proposition 9.19. Assume N > 25, 



(N + 4)r 
(A' 2 +r 2 ) 



N+3 



N-3 



dr 



(N - 4) 2 



„_ 1| r(f-7)r(f + 5) 



32N{N -2){N - l)(N + 2)(N + 4y 1 T(N + 1) 
■ \ ^{Wikjp + W ipjk ){W ikjq + W iqjk ) Ji(A') 



J2 (W ik ,i + Wu 3 k) 2 5 pq J2(X') 

i,j,k,£ 



where 



4(JV -1)(N+ 1Q)(N + 12)(JV + 14)(iV + 16) A 
[N - 22)(N - 20) (TV - 18)(7V - 16) 



/18 



(iV 7 + 317V 6 + 3156iV 5 

+ 42380N 4 - 2000007V 3 + 520800iV 2 - 7888647V + 460800) 

1080(7V-1)(7V+10)(7V + 12)(7V+14)A' 16 / 7 

(7V _ 20)(Ar _ 18)(iV _ 16) [N + 277V + 21807V 

+ 250447V 4 - 1187047V 3 + 3120967V 2 - 482816iV + 286720") 



+ 



4(7V - 1)(7V + 10)(N + 12)A' 14 
(7V-18)(7V-16) 
+ 3187814207V 4 - 15283678407V 3 + 40884638407V 2 - 64780024327V 



(230477V 7 + 5300817V 6 + 332971847V 5 
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+ 3912975360 J 

- 120(iV-l)(iV+10)A' 12 / 224Q9iv7 + 427481iV 6 + 197675167V 5 
TV — 16 V 
+ 1514936207V 4 - 7345750727V 3 + 20115737287V 2 - 33181361927V 

+ 2061219840^ 

+ 4(7V - 1)A' 10 (2t7V 7 + 90529217V 7 + 30t7V 6 + 1357938157V 6 + 520t7V 5 

+ 43320605007V 5 + 2616t7V 4 + 250298942687V 4 - 12096t7V 3 
- 1236716497607V 3 + 30144t7V 2 + 3530387017927V 2 - 67840t7V 



- 6198707667207V + 51200r + 400569799680J 
(9tN 7 + 19288007V 7 + 99riV 6 + 212168007V 6 



120(7V- 14) (AT - 1)A''' 
TV + 8 

+ 1188riV 5 + 4243360007V 5 + 4068riV 4 + 16741984007V 4 - 20304r7V 3 
- 84867200007V 3 + 55584r7V 2 + 264785664007V 2 - 140544r7V 



518461440007V + 110592r + 3555164160o) 



+ 8(^-14)^-12)^-^ s N7 7200000QAr7 W877tN6 
(7V + 6)(7V + 8) V 
+ 5040000007V 6 + 106084r7V 5 + 51840000007V 5 + 202524r7V 4 
+ 118080000007V 4 - 1041552t7V 3 - 57600000000TV 3 + 3780448r7V 2 
+ 2419200000007V 2 - 12961536r7V - 5898240000007V + 1 1 109888r 

+ 442368000000) 

96000(7V-14)(7V-12)(7V-10)(7V-2)(7V-1)tA /4 / . 

(7V + 6)(7V + 8) V 

+ 167V 2 + 807V - 128^ 

4(7V - 14)(7V - 12)(7V - 10)(7V - 8)(7V - 2)(7V - 1) 2 7Vt 2 A' 2 / 2 
(7V + 6)(7V + 8) V 

+8 ) 

and 
■MA') 

- 32(7V-1)(7V + 10)(7V+12)(7V + 14)V 18 / 6 5 4 

- (7V-22)(7V-20)(7V-18)(7V-16) \ 31N + 18WN + 1578(W 

- 799847V 3 + 2063687V 2 - 3156487V + 188416) 



1080(7V - 1)(7V + 10)(7V + 12)A /16 
(7V-20)(7V-18)(7V-16) 



(l897V 6 + 89147V 5 + 620047V 4 
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+ 



- 3235447V 3 + 838688V 2 - 13141127V + 802816^ 

8 ^(iV~ ^K^V 10 16) 14 ( 15902437V6 + 59252435V 5 + 3137151787V 4 

- 1724484376V 3 + 45117595847V 2 - 72729321607V + 4564175616^ 

TV " 16 A ( 2137405iv6 + 60099118TV 5 + 2208945247V 4 

- 13237831127V 3 + 34846372487V 2 - 58939505287V + 3867347200^ 

16(7V- 1)A / 30riV 6 + i35793 8 i5Ar6 + 440 T 7V 5 + 27335055107V 5 
7V + 8 V 

+ 792r7V 4 + 58600029127V 4 - 4896r7V 3 - 422929546887V 3 + 9280r7V 2 
+ 1114526839367V 2 - 23552t7V - 2037978092807V + 20480r 

+ 143346417664^ 

- 120(iY ^ 4 | ( ^ 1)y8 (297r7V 5 + 636504007V 5 + 1404.7V 4 

+ 4706272007V 4 - 5940r7V 3 - 21988320007V 3 + 11232r7V 2 

+ 49377280007V 2 - 25056r7V - 84558592007V + 20736r + 5925273600) 

+ 16^-14)(^-y-2)(^-l)A^ , ^ 50400000QAr4 

(7V + 6)(7V + 8) V 
+ 81974r7V 3 + 29520000007V 3 - 57864t7V 2 - 40320000007V 2 

+ 270032rTV + 115200000007V - 462912r - 16128000000) 

_ 96000(7V - 14)(7V - 12)(7V - 10)(7V - 2)(7V - 1)tA' 4 / 3 _ 2 
(7V + 6)(7V + 8) 1 

+ 8TV- 16). 

Lemma 9.20. Assume that TV > 25. Then there exists a r G M. such that 
J'(l) = 0, J"(l) > 0, 1(1) < 0, Ji(l) > and J 2 (l) > 0. 

Proof. By the software Mathematica, J'(l) = is equivalent to 

4(7V - 18)(7V - 16)(7V - 14) (TV - 12) (iV - 10) (JV - 4)(7V - 2) 2 (TV 2 - 4TV — 4) t 2 



+ 



(TV + 4) (TV + 6) (TV + 8) (TV + 10)(7V + 12) 
4(TV- 18)(TV-4)(TV-2) 



■ (27025V 6 - 1481614TV 5 + 303126407V 4 



(TV + 6)(7V + 8)(TV + 10)(TV + 12) 

- 273305456TV 3 + 893995744TV 2 + 378381120TV - 1876068864V 



(TV - 24)(TV - 22)(7V - 20)(7V + 6) (TV + 8) (TV + 10)(TV + 12) 



84113673V 1 



10938700432V 10 + 598157791200V 9 - 17529195040256V 8 
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+ 2837293912867367V 7 - 2092231289713280TV 6 - 45363330839970567V 5 
+ 1952860687406689287V 4 - 11814946676369285127V 3 
+ 18111514269003939847V 2 + 2743961400230215687V 

- 1766811639068098560) = 0. 

Since TV > 25, the above equation has two real solutions. Let r be one of them, 
that is 

At + 

where 

A 1 = 270257V 11 - 36436147V 10 + 2109992607V 9 - 68108408567V 8 

+ 1322958549447V 7 - 15343244949767V 6 + 93464952904967V 5 

- 111594854679047V 4 - 1830188317962247V 3 + 7451420827852807V 2 
+ 2059241477898247V- 1426412678676480, 

A 2 = 574412417V 22 - 179 1 20 5 7 207V 21 + 26186644249887V 20 

- 2381185357392007V 19 + 150630894070475367V 18 

- 7022802131986433927V 17 + 249340251905452508807V 16 

- 6866532691205612190727V 15 + 147919025041399236474887V 14 

- 2493022325 773879902904327V 13 + 32593524232234756324024327V 12 

- 323889405247287000640225287V 11 + 2346751692750555872689684487V 10 

- 11263937367058810951319552007V 9 + 24949589463565967114822615047V 8 
+ 73748874577537645099163320327V 7 - 785864271597540196302863728647V 6 

+ 2784272222290992955484106915847V 5 - 5607794706138274285321495511047V 4 
+ 7647711785621577144416788807687V 3 - 1593421501447580787174266634247V 2 

- 12631443262617707625889293926407V 
+ 879163881274963620673250918400, 

A 3 = 2(7V - 24)(7V - 22)(7V - 20)(7V - 18) (N - 16) (iV - 14) (iV - 12) 
• (TV - 10) (AT - 2) (TV 2 - 47V - 4) . 

For this r, other conclusions of the lemma can be checked by computers. □ 

Proposition 9.21. For t chosen in Lemma 9.20, the function F(£',\') has a 
strict local minimum at (0, 1). 

Proof. Since I' (I) = 0, we have ^jF(0, 1) = 0. In addition Proposition 9.1 
shows £rF(0, 1) = 0. Therefore, (0, 1) is a critical point of F(£', X'). 

Since Ji(l) > and J2(l) > 0, it follows from Proposition 9.19 that the 
matrix d S d£l F(0, 1) is positive definite. Lemma 9.20 again tell us I"(l) > 0, 
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which implies t|^-F(0, 1) > 0. Consequently, (0, 1) is a strict local minimum 
point. □ 



10 Proof of the main theorem 

In this section we prove the main result of this paper by a gluing method. 

Proposition 10.1. Assume N > 25. Moreover, let g be a smooth metric on 
R N of the form g(x) — e h ^ x \ where h{x) is a trace-free symmetric two-tensor 
on M. N such that 

\h(x)\ + \dh(x)\ + \d 2 h(x)\ + \d 3 h(x)\ + \d A h{x)\ < a 

for all x £ R N , h(0) = 0, h(x) = for \x\ > 1, and 

h tk (x)=[is s f(e- 2 \x\ 2 )H lk (x) 

for \x\ < p. If a and p 4 ~ n p~ 2 e N ~ 24 are sufficiently small, then there exists a 
positive solution u(x) to 

N - 4 N + 4 M 

PgU = U — mi", 



Jm. N Jr n 



N 



sup u> Ce 2 . 

\x\<e 

Proof. By Proposition 9.21, the function F(£',\ r ) has a strict local minimum 
at (0, 1) and F(0, 1) < 0. Hence, we can find an open set M C A such that 
(0, 1) £ M and 



F(0,1)< mfF(£',A')<0. 
dM 



Using Lemma 8.2, we obtain 



2T- g (?, A') = 2E + M 2 e 2 °F(e', A') + O ( M 3 ^ + ^e^) + 0(a£) 

Hence, if p 4 ~ n p,~ 2 e N ~ 24 is sufficiently small, we have 
^(0,1) < MF- g (Z',\')<E. 

dM 

Consequently, there exists a point (£', A') £ M. such that 
F- g (?,\')< MT- g (?,\')<E. 

dM 

Then uo(y) + 4>{y) is a solution of (8) with ||<?!>||* < C. 



N-4\ 
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Note that since \\<f>\\* < C we have 

\M\ < g ( | + | y _ a r , )Jy -4 ^ Cau o (51) 

iv — 4 

which shows that uo + (j) > provided a is small. Thus uq{x) +e ~ 4>{x/e) is 
the positive solution we need. □ 

Proposition 10.2. Let N > 25. Then there exists a smooth metric g on R N 
with the following properties: 

V 9ij( x ) = % f or M > h 

2) g is not conformally flat, 

3) There exists a sequence of positive function u n (n € R N ) such that 

N-A £±i 



PqU n ^ 

\ 

12 



sup u n — > oo . 

Proof. Choose a smooth cut-off function n such that r](r) = 1 for r < 1 and 
r?(r) = for r > 2. We define a trace-free symmetric two-tensor on by 

oo 

M*) = E rt 4 " 2 !* - ^l)2"* , 7(2 2 "|2; - a: n |)H«(a: - x n ), 

n= N 

where x„ = (£, 0, . . . , 0). Clearly h(x) is C°°. 

Moreover, if iVo is sufficiently large, then we have h(x) = for |a;| > \ and 
|/}| + |<%| + |<9 2 /i| + |<9 3 h| + |<9 4 /i| < a. Provided that n > N and \x-x n \ < 
we have 

hij(x) = 2-*"/(2 2 "|x - XnDHi^X - x n ). 

Hence we can apply Proposition 10.1 with ji — 2~"/ 3 , e — 2~ n , p — j^. From 
this the assertion follows. □ 



11 Appendix 

In this section we will give the proof of (23) and (26). The proof of (23) can 
be found in [18] and we repeat it here for the sake of convience. 

Lemma 11.1. Assume that < s < N and t > s. Then 

fc(i + M) s -' tft<N, 

I F^™ ds - \ c (1 + Nr N I 1 + log(1 + N) ] ift=N > 

\c(i + \x\y- N ift>N. 
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Proof. First, observe that the above integral is well defined since t > s. So we 
only need to consider the case that \x\ is large. Next we decompose it as follows: 



1 



1 



ri2,_ x i<w ii|i<|j / -x|<2|x| J\v^x\>2\x\J \ x -y\ N s ( 1 + \y\Y 

■■= h +h+h- 

Ii may be estimated as follows. Since \y — x\ < \x\/2 implies \y\ > \x\/2, 

1 1 



h < 



| y _ x |<M \x-y\ N -> (l + N/2)* 

|x|/2 

(1+ ! 

< C|a;| s -*. 



dy 



< 



\x\/2Y J r N ~° 



I 3 may be estimated similarly. Because \y — x\ > 2\x\, \y — x\ < \y \ + \x\ < 
\y\ + \y - x\/2. Thus \y - x\ < 2\y\ and 



/ 3 < 



|„-x|>2|x| \x-v\ N - s (l + |a:-y|/2) 
,oo x i 

-J2 M r N ~ s (l + r/2)* 



■dj/ 



2|x| 



Finally, we observe that 



/ 2 < 



< 



C 



IJV- 



C 



<is/-x|<2|x| (! + |y|) 



■dy 



(/ + / 

\J\v\<i Jl 



1 



< C- x 



C 



\N- 



c + c 



l<\y\<3\x\J (1 + \V\) 
3|x| \ 



-dy 



< < 



C|a;| s ^* if t < JV, 

C\x\— N log\x\ if t = N, 



-N 



if t > N. 



Now it is easily seen that the lemma holds. 
Next we come to the proof of (26). 



□ 



Proof of (26). Now t = N — k. Let L > is a large number. If \y\ < Lr, we 
have 



dz 



I — 

Jb t \y - A 



N - s (1 + \z\) N ~ k 
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r 1 1 

" J RN \y-z\"- (l + \z\) N - k " 

< C(l + M) i+fc_JV < Cr fc (l + \y\) s - N . 

For |j/| > Lr, obvious ^yl^N-s < C since |z| < r. Thus, recalling that fc > 0, 
we get 



-dz 



J Br \y--A N - s (1 + 1*1)"-* 

< Cr k (l + \y\) s - N . 

This concludes the proof. □ 
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